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Abstract

Numerical simulations of cardiovascular mass transport pose significant

challenges due to the wide range of Péclet numbers and backflow at Neumann

boundaries. In this paper we present and discuss several numerical tools to

address these challenges in the context of a stabilized finite element computa-

tional framework. To overcome numerical instabilities when backflow occurs

at Neumann boundaries, we propose an approach based on the prescription of

the total flux. In addition, we introduce a “consistent flux” outflow boundary

condition and demonstrate its superior performance over the traditional zero

diffusive flux boundary condition. Lastly, we discuss discontinuity capturing

(DC) stabilization techniques to address the well-known oscillatory behavior

of the solution near the concentration front in advection-dominated flows. We

present numerical examples in both idealized and patient-specific geometries

to demonstrate the efficacy of the proposed procedures. The three contribu-

tions discussed in this paper successfully address commonly found challenges

when simulating mass transport processes in cardiovascular flows.
Novelty Statement

The presented study is to the best of our knowledge the first implementation of

backflow stabilization for 3D scalar mass transport problems. In addition, this

paper is the first analysis of the “consistent flux” boundary condition in 3D

patient-specific geometries. The novelty of our study is the implementation of back-

flow stabilization, the consistent flux boundary condition, and discontinuity-

capturing stabilization in a unified scalar mass transport framework that can be

applied to study the cardiovascular system.
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backflow stabilization, cardiovascular simulation, consistent flux boundary condition,

discontinuity-capturing operator, Neumann inflow boundary condition, scalar advection

diffusion

1 | INTRODUCTION

Mass transport of biochemical species plays an important role in numerous cardiovascular pathologies including
thrombosis and atherosclerosis. Computational models of mass transport offer the unique capability to study various
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biochemical processes essential to understand the kinetics of disease progression, but which are otherwise difficult to measure
in vivo. However, cardiovascular mass transport problems are characterized by highly advective flows (with Péclet numbers up
to 107) that make obtaining an accurate numerical solution challenging. Furthermore, every outlet face of a computational
model is an artificial boundary resulting from the arbitrary truncation of a vessel. Therefore, it is necessary to prescribe realistic
boundary conditions that result in a stable solution at outlet faces while preserving the accuracy of the solution.

In this work, we present a stabilized finite element framework that incorporates three salient features: (a) a back-
flow stabilization technique to obtain stable solutions with Neumann outflow boundaries for scalar advection-diffusion
problems, (b) a consistent flux boundary condition that minimally disturbs the local physics of the problem on outflow
boundaries resulting from the artificial truncation of vessels, and (c) a front-capturing stabilization technique to regu-
larize the solution with a concentration front in scenarios of high Péclet numbers.

Backflow stabilization: Neumann conditions have typically been prescribed for outlet boundaries in cardiovascular flows,
either through direct imposition of a known traction (ie, zero or constant pressure condition)1,2 or, more recently, through
the coupling of reduced order models (ie, lumped parameter networks) of the distal vasculature, which ultimately results in
the specification of a time-varying weak traction on the outlet face.3 However, Neumann conditions in boundaries exhibiting
partial or complete inflow are known to lead to numerical divergence.4-16 Specifically, prescribing a diffusive flux fails to
guarantee stable energy estimates due to the unknown velocity profile at these boundaries.17 To mitigate these difficulties
associated with flow modeling, several strategies have been proposed including adding a backflow stabilization term to the
boundary nodes,7-18 constraining the velocity to be normal to the outlet,5 or using Lagrange multipliers to constrain
the velocity profile at all or some of the outlets.4 A comparison of these strategies determined that backflow stabilization was
the most robust approach with the least impact on both the solution and computational cost.5

Similar scenarios of numerical instability can arise in scalar advection-diffusion systems.19 Despite the numerous reports
on backflow stabilization for flow problems4,5,7-16,20 and 2D heat mass transfer,21-25 these strategies have not been adopted
for 3D cardiovascular scalar advection-diffusion systems. Instead, to circumvent the numerical instability issues in the pres-
ence of backflow, mass transport models have resorted to unphysical approaches such as the imposition of arbitrary Dirichlet
boundary conditions at the outlet faces,26,27 artificial extensions of the computational domain28 that seek to regularize the
flow profile, or an artificial increase in the diffusivity of the scalar.29,30 In this work, we propose a stabilization method for
outlet Neumann boundaries, following the ideas presented by Hughes and Wells.19

Consistent flux boundary condition: While there have been numerous contributions proposing outflow boundary
conditions for cardiovascular flow problems,3 little work has been done for the scalar advection-diffusion problem. Typ-
ically, cardiovascular mass transport models have employed either Dirichlet or Neumann conditions prescribing known
scalar concentrations26,27 or diffusive fluxes31,32 at the outlet face, respectively. An alternative choice of boundary condi-
tion, henceforth referred to as “consistent flux boundary condition” has been shown to provide better error estimates.33

This approach relies on calculating the consistent diffusive flux (rather than imposing an arbitrary diffusive flux) that
satisfies the weak form of the mass transport equation. To the best of our knowledge, this boundary condition has been
thus far unexplored for cardiovascular mass transport problems. In this work, we demonstrate the superior perfor-
mance of this approach over the traditional zero diffusive flux boundary condition.

Front-capturing stabilization techniques: Another important issue concerning simulation of mass transport in cardio-
vascular applications is the presence of high Péclet number flows typically found in the large arteries. These advection-
dominated flows lead to the development of steep concentration gradients, thereby necessitating the use of stabilization
techniques to avoid unphysical oscillations in the numerical solution near the concentration front. To address this
issue, several discontinuity capturing methods have been proposed.34-36 In this work, we discuss the performance of the
discontinuity capturing (DC) stabilization technique, implemented in the context of a streamline upwind Petrov-
Galerkin (SUPG) stabilized finite element formulation.

Numerical results are presented in both idealized and patient-specific geometries to demonstrate the efficacy of the
proposed numerical procedures.

2 | METHODS

2.1 | Strong form and boundary conditions

The strong form of the governing equation for mass transport in a three-dimensional bounded domain Ω � ℝ3 is
given as
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∂c
∂t

+u�rc−r� Drcð Þ= r in Ω, ð1Þ

where c, D, r, and t denote the concentration of the scalar, diffusion coefficient, source (or reaction) terms and time,
respectively and u is a known, solenoidal velocity field. Ω is an open set with boundary Γ = ∂Ω, such that:

Γ=ΓD[ΓN , ð2Þ

ΓD\ΓN = ;, ð3Þ

where ΓD and ΓN are the Dirichlet and Neumann partitions of the boundary Γ, respectively.
We consider a further partition of Γ=Γin[Γout, Γin\Γout = ; such that:

Γin tð Þ= x�Γjun x, tð Þ≤ 0f g, ð4Þ

Γout tð Þ=Γ−Γin tð Þ, ð5Þ

where un is the dot product of the velocity with the outward unit normal at the boundary, x is the position vector, Γin(t)
is the inflow boundary, and Γout(t) is the outflow boundary. Γin(t) and Γout(t) are functions of time owing to the time
dependence of the velocity field. In this manuscript, the terms “outlet” and “inlet” are used to refer to spatially fixed
positions of boundary faces, while the terms “inflow boundary” and “outflow boundary” are used to refer to regions of
the boundary that exhibit inflow and outflow at a given time instant, respectively. Given these definitions, a total of four
distinct boundaries can be defined for mass transport problems19:

Γα
β tð Þ=Γβ\Γα tð Þ, α= in,outf g, β= D,Nf g ð6Þ

Typically, finite element simulations of mass transport have considered Dirichlet boundary conditions on inlet faces
and Neumann boundary conditions on outlet faces. However, this strategy often shows numerical divergence if back-
flow occurs on the Neumann boundary (eg, if Γin

N tð Þ 6¼ ;). Indeed, it has been shown that the prescription of diffusive
flux on a Γin

N tð Þ boundary fails to guarantee stable energy estimates and therefore leads to numerical divergence.17 Pre-
scribing the total flux on inflow Neumann boundaries Γin

N tð Þmitigates this issue, whereas the diffusive flux can be safely
prescribed on outflow Neumann boundaries Γout

N tð Þ,19 namely:

Drc�n= hout on Γout
N tð Þ, ð7Þ

−cu�n+Drc�n= hin on Γin
N tð Þ: ð8Þ

Here, hout and hin denote the diffusive and total (ie, advective plus diffusive) flux data, respectively.

2.2 | Weak form

The Galerkin weak form for the scalar advection-diffusion problem governed by Equation (1) is as follows: find
c � H1(Ω) such that

ð
Ω

δc
∂c
∂t

+ δcu�rc+rδc�Drc

� �
dV −

ð
ΓN

δc Drcð Þ�ndA=
ð
Ω

δcrdV 8δc�H1
0 Ωð Þ ð9Þ
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where δc is a weighting function, H1(Ω) is a (solution) space of once-differentiable functions satisfying the Dirichlet
boundary conditions on ΓD, and H1

0 Ωð Þ is a (weighting) space of once-differentiable functions vanishing on the Dirichlet
boundary ΓD. Since cardiovascular mass transport problems are characterized by high Péclet number flows, we utilize a
SUPG stabilized finite element formulation,37 resulting in the following discrete weak form:

ð
Ω

δc
∂c
∂t

+ δcu�rc+rδc�Drc

� �
dV −

ð
ΓN

δc Drcð Þ�ndA

+
Xnel
i=1

ð
Ωi

rδc�uτℛdV =
ð
Ω

δcrdV 8δc�H1
0 Ωð Þ ð10Þ

where nel denotes the total number of elements in the discretized domain, Ωi is the domain of the i-th element, τ is the
stabilization parameter, and ℛ is the residual given as

ℛ=
∂c
∂t

+u�rc−Dr2c−r: ð11Þ

The stabilization parameter τ is given as

τ−2 = τ−2
1 + τ−2

2 + τ−2
3 , ð12Þ

τ−2
1 =

Δt
2

� �−2

, τ−2
2 =u�gu, τ−2

3 = 9D2g : g, g=
∂ξ

∂x

� �T ∂ξ

∂x
, ð13Þ

where Δt is the time step size, : is the Frobenius inner product, and g is the metric tensor based on the Jacobian of the
mapping between the element coordinates ξ and the physical coordinates x (eg, in 1D, g = 4/h2). We remark that, with-
out loss of generality, the examples shown in this article all use a zero reaction term and hence no contributions from
the reaction terms appear in the above-mentioned stabilization terms.

2.3 | Backflow stabilization and total flux

Using Equations (7) and (8), the Neumann boundary term in Equation (10) becomes

ð
ΓN

δc Drcð Þ�ndA=
ð

Γout
N tð Þ

δc Drcð Þ�ndA+
ð

Γin
N tð Þ

δc Drcð Þ�ndA,

=
ð

Γout
N tð Þ

δch
outdA+

ð
Γin
N tð Þ

δc Drc−cuð Þ �ndA+
ð

Γin
N tð Þ

δccu �ndA,

=
ð

Γout
N tð Þ

δch
outdA+

ð
Γin
N tð Þ

δch
indA+

ð
Γin
N tð Þ

δccu�ndA: ð14Þ

As indicated earlier, diffusive flux Neumann boundary conditions are typically prescribed at outlet faces Γout
N tð Þ

In this scenario, the last term of Equation (14) (ie, advective flux) vanishes since Γin
N tð Þ= ; . However, in cases where

Γin
N tð Þ 6¼ ; , the total flux must be prescribed and therefore the advective flux term in Equation (14) is non-trivial and

must be included in Equation (10) to obtain a stable solution. Previous publications on backflow stabilization for
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Navier-Stokes problems have introduced a parameter β scaling the advective flux contribution.5,17,18 However, owing to
the lack of mathematical rigor justifying the introduction and choice of such a scaling factor, we do not consider it for
the scalar advection-diffusion problem.

2.4 | Consistent flux boundary condition

The boundary conditions imposed at artificial boundaries generated due to the truncation of a physical domain form a
crucial component of the computational model. Since the downstream physics for mass transport applications is often
unknown at such artificial boundaries, the task of identifying appropriate conditions that preserve the accuracy of the
solution remains challenging.

While there have been numerous contributions proposing conditions for artificial boundaries in cardiovascular flow
problems, little work has been done for the scalar advection-diffusion problem. Typically, cardiovascular mass transport
models have employed either Dirichlet or Neumann conditions prescribing scalar concentrations26,27 or diffusive
fluxes31,32 at the outlet face as in Equation (7), respectively. Neither of these approaches is ideal, since they assume
knowledge of a physical quantity which is typically unknown. While imposing an arbitrary Dirichlet outlet boundary
condition renders a stable solution, it severely affects the scalar solution field and has resulted in approaches relying on
extending the outflow branches to minimize the impact of such conditions in the region of interest.26,27 These
approaches also increase the computational cost due to the larger domain. Conversely, a zero diffusive flux condition
has been used more sporadically (likely due to the numerical instabilities associated with backflow, as noted above),
and, while seemingly less intrusive than a Dirichlet condition, it still fundamentally prescribes an unknown property
on the solution field.

An alternative to this zero diffusive flux condition, proposed in the context of the Navier-Stokes equations by Papa-
nastasiou and Malamataris,38 is to calculate the diffusive flux that satisfies the weak form of the mass transport equa-
tion and iteratively impose it as a boundary condition. This approach amounts to treating the boundary integral in the
weak form given by Equation (9) as unknown and is particularly useful when analytic or asymptotic techniques cannot
predict the physics downstream from the artificial outlets, making it challenging to formulate appropriate boundary
conditions at these faces. The strategy of leaving an undefined boundary integral could lead to an ill-posed variational
form, particularly in diffusion-dominated problems which are more elliptical in nature and thus necessitate specifica-
tion of conditions on every boundary. Conversely, advection-dominated problems have a stronger hyperbolic behavior
and are less likely to be affected by the ill-posedness of this strategy. For a more detailed discussion on the mathemati-
cal implications of this approach, we refer the reader to the work of Griffiths33 and Renardy.39

In the context of the Navier-Stokes equations, these boundary conditions have been referred to using different ter-
minologies such as “no boundary condition” or “free boundary condition”.33,38 However, here we will refer to them as
“consistent flux boundary condition”. In this work, we employ both the zero diffusive flux (see Equation 7), and the
consistent flux boundary conditions for the scalar advection-diffusion problem and compare their performance in pre-
serving the local physics of the computed solution.

2.5 | Discontinuity capturing operator

In the context of high Péclet number flows, SUPG stabilized formulations for scalar advection-diffusion prob-
lems fail to resolve the steep gradients in the solution, resulting in numerical undershoot/overshoot in concen-
trations near the scalar front. Therefore, in addition to SUPG stabilization, we implemented a discontinuity
capturing (DC) operator to resolve steep gradients in the solution.40 This approach introduces an additional
term for each element of the form rδc � νDC r c in Equation (10) similar to the last term on the LHS. νDC is
defined as

νDC =max 0,ωDC½ �~g, ð15Þ

where ~g is the contravariant counterpart of the metric tensor introduced in Equation (13) and
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ωDC = f DC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℛ2

rc�~grc

s
−τ

ℛ2

rc�~grc
, ð16Þ

where fDC = 1 for linear finite elements and τ is the stabilization parameter defined in Equation (12). We want to make
two remarks on the DC term: (a) it involves gradients of the weighting function and thus, conservative properties of the
semi-discrete form are unchanged,19 and (b) it makes the weak form of the scalar advection-diffusion problem
nonlinear. Therefore, the resolution of gradients near the concentration front is obtained at an increased computational
expense. For nonlinear scalar problems, however, the increase in computational cost due to the use of DC operator is
not high (as discussed later).

3 | NUMERICAL EXAMPLES

In this section, we present numerical results to illustrate the suitability of the proposed computational framework. The
following applies to all the numerical examples presented in this section:

• A flow solution is first obtained by solving the stabilized Navier-Stokes equations using the cardiovascular hemody-
namics modeling environment, CRIMSON (www.crimson.software).41 Here, blood is modeled as a Newtonian fluid
with a density of 1060 kg/m3 and a dynamic viscosity of 0.004 Pa � s. All walls are modeled as rigid (ie, homogeneous
Dirichlet boundary conditions for the velocity field).

• For all flow solutions backflow stabilization was used when solving the Navier-Stokes equations.
• For the mass transport problems, a constant concentration of c = 10 mol/mm3 is prescribed at the inlet face and a

zero diffusive flux boundary condition is applied to all walls. An initial concentration of c = 0 mol/mm3 is assumed
for all mass transport problems.

FIGURE 1 3D T-shaped

bifurcation model
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3.1 | Idealized geometries

To provide a better understanding of specific numerical challenges, we first present results for cases where idealized geome-
tries and problem parameters are chosen to isolate specific numerical challenges. Here, we present results for three specific
cases that highlight the effectiveness of the different components of the proposed computational framework.

3.1.1 | Backflow stabilization

To illustrate the numerical issues caused by Γin
N tð Þ boundaries, we consider a T-shaped bifurcation as shown in

Figure 1. The choice of geometry and boundary conditions for this problem leads to partial backflow at the outlet faces
even under steady flow conditions. A velocity field was obtained by prescribing a constant inlet flow of 196mm3/s,
mapped to a parabolic velocity profile, resulting in a maximum velocity of vmax = 2000mm/s, a mean velocity of
vmean = 1000mm/s, and a Reynolds number Remean = 66.25, based on the mean velocity and the inlet radius. A zero
traction boundary condition was applied at both outlet faces. For the scalar advection-diffusion problem, a zero diffu-
sive flux condition was prescribed at the outlet faces. The diffusion coefficient was set to D = 10−2 mm2/s, resulting in a
Péclet number of Pemean = 2.5× 104. The domain was discretized using linear tetrahedral elements with characteristic
length of 10−2 mm, resulting in a total mesh size of 11.3 million elements. Simulations were run using a constant time-
step size of Δt = 10−5 seconds for 8000 time steps.

Figure 2A shows the velocity field plotted at the mid-plane of the T-shaped bifurcation perpendicular to the Z direc-
tion. The velocity profiles at the outlet faces exhibit backflow, Figure 2B. Figure 3A shows the solution for the scalar
concentration at t = 0.036 seconds, obtained without backflow stabilization. The solution presents strong numerical
artifacts on the top outlet boundary, corresponding to the Γin

N tð Þ region of the outlet boundary. These numerical artifacts
eventually lead to divergence of the simulation and also appear in the bottom outlet boundary over time. In contrast,
the proposed backflow stabilization technique yields a stable solution as shown in Figure 3B. We would like to point
out that the two numerical solutions in Figures 3A,B exhibit spurious oscillations in the interior of the domain, these
will be addressed in Section 3.1.3

3.1.2 | Consistent flux boundary condition

In this example, we compare the behavior of the consistent flux and the zero diffusive flux boundary conditions.
We consider two cylindrical domains of diameter d = 1.0 mm and lengths l1 = 10 mm and l2 = 5 mm, respectively.

FIGURE 2 A, Velocity contours in the mid-plane of the T-shaped bifurcation. Red lines indicate velocity profiles at a discrete number

of locations. B, Close-up view of the velocity at the outlets, illustrating backflow in a small segment of the outlet face
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For each cylindrical domain, we apply both types of boundary conditions, rendering a total of four different scenarios.
The ultimate goal of this test is to examine the impact of the boundary conditions on the scalar field, specifically by com-
paring solutions at the outlet of the shorter cylinder with solutions at the mid-section of the longer cylinder, which are
taken as the “reference solution.” A desirable feature of a boundary condition is to minimize the impact on the scalar
field, given that these conditions are typically prescribed on “artificial” boundaries (ie, arbitrary truncations of a branch).

Steady flow field solutions were obtained by prescribing a constant flow rate of 196 mm3/s, mapped to a parabolic
velocity profile resulting in a maximum velocity of vmax = 500 mm/s, a mean velocity of vmean = 250 mm/s and a Reyn-
olds number of Remean = 33.125. A zero traction boundary condition was applied at the outlet face. For the mass trans-
port problem, a constant value of diffusivity was adopted, D = 102 mm2/s, resulting in Péclet number of Pemean = 1.25.
This relatively low Péclet number was chosen because it amplifies the differences between zero diffusive and consistent
flux boundary conditions. Simulations were run using a constant time-step size of Δt = 10−4 seconds for 8000 time
steps.

Figure 4A shows scalar concentration contours at t = 0.042 seconds. for the long (i-ii) and short (iii-iv) cylinders,
respectively. Figure 4B shows scalar concentration profiles at the mid-section of the long cylinder (i-ii) and the outlet
face of the short cylinder (iii-iv). For the long cylinder, the solutions overlap each other, indicating that at this location
far away from the boundary, and this point in time, there is no noticeable difference between solutions obtained with
either boundary condition. For the short cylinder, however, there is a noticeable difference between the solutions
obtained with the zero diffusive and consistent flux boundary conditions. Taking the solution in the long cylinder as
the “reference solution,” it can be observed that the zero diffusive flux condition renders 10% larger scalar concentra-
tion values. In contrast, the consistent flux boundary condition yields scalar values much closer to the true solution,
overestimated by just 0.015%. These results illustrate the superior performance of the consistent flux boundary condi-
tion in preserving the local physics of the numerical solution near artificial boundaries

3.1.3 | Discontinuity capturing operator

Having addressed numerical issues concerning outlet boundaries, we now focus our attention to spurious oscillations
in the numerical solution around the concentration front within the computational domain. We consider the flow solu-
tion for the shorter cylindrical domain (l2 = 5 mm) described in the previous section. A smaller diffusion coefficient
D = 10−2 mm2/s was adopted, resulting in a higher Péclet number of Pe = 1.25 × 104, that is of practical interest and
exhibits spurious oscillations. A consistent flux boundary condition was prescribed at the outlet face. The same mesh
and time step size were used as in the previous section.

FIGURE 3 Scalar contours at time t = 0.036 seconds in the T-bifurcation. A, No backflow stabilization resulting in an unstable

solution. B, With backflow stabilization resulting in a stable solution in the presence of backflow
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Figure 5A and Figure 5B show concentration contours obtained without and with the DC operator, respectively.
Undershoot/overshoot in the numerical solution is apparent near the wavefront of the scalar field when no DC operator
is used. These oscillations result in unphysical negative scalar concentrations (−0.98 mol/mm3) as well as in values
higher than those imposed at the inlet (11.92 mol/mm3). Figure 5C shows plots of the scalar concentration along the
centerline of the cylinder at different times. It can be observed that spurious oscillations begin in the numerical solution
without the DC operator (red line) within the first five time steps (t = 0.0005 seconds) and increase in magnitude with
time. In contrast, the use of the DC operator (black line) results in smooth solution profiles for all times

3.2 | Patient-specific geometry

Having demonstrated the capabilities of the stabilized computational framework in idealized geometries under steady
flows, we now shift our focus to a patient-specific geometry of a human thoracic aortic aneurysm under periodic flow
conditions.42 The aortic geometry was built from computed tomography angiography (CTA) image data using the car-
diovascular hemodynamic modeling environment CRIMSON.41 Figure 6 shows the computational domain comprised
of the ascending aorta and nine outlet branches. The aortic geometry was discretized into 6.2 million linear tetrahedral
elements and 1.1 million nodes. An echocardiography-derived periodic flow waveform (with time period
T = 0.91 seconds) mapped to a parabolic velocity profile was imposed at the aortic inflow, resulting in a maximum
Reynolds number of approximately Remax = 2.1 × 103. Three-element Windkessel models3 were prescribed at each out-
let face, representing the behavior of the distal vascular beds (numerical values given in Supporting Information).42

Cycle-to-cycle periodicity was achieved after running the flow problem under rigid wall assumptions for four cardiac
cycles, corresponding to a physical time of t = 3.64 seconds. Subsequently, the scalar advection-diffusion equation was
solved, assuming a zero concentration initial condition, a constant Dirichlet inlet boundary condition of c = 10 mol/
mm3, and zero total flux boundary conditions at the vessel walls for t > 3.64 seconds. Simulations were run using a con-
stant time step size of Δt = 10−4 seconds.

3.2.1 | Backflow stabilization

We first studied the issue of numerical instabilities on inflow Neumann boundaries (Γin
N ). A constant diffusion

coefficient, D = 1.0mm2/s was used, resulting in a maximum Péclet number of Pemax = 8.0× 103 at the inlet face.

FIGURE 4 A, Scalar contours for four different cylinders. From top to bottom: (i) 10 mm cylinder with the consistent flux outflow

boundary condition, (ii) 10 mm cylinder with a zero Neumann outflow boundary condition, (iii) 5 mm cylinder with the consistent flux

boundary condition, and (iv) 5 mm cylinder with a zero Neumann boundary condition. B, Line plot showing scalar concentration across the

cylinder at X = 5 mm for cases (i) to (iv)
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Zero diffusive flux boundary conditions were prescribed on each outlet face. Figure 7A shows a 3D warp of the velocity
profile at the aortic outlet boundary in mid-diastole (t = 4.39 seconds). Flow reversal is apparent on this boundary at
this point in time. Using the standard zero diffusive flux boundary condition without backflow stabilization leads to
instabilities in the numerical solution and eventual divergence, see Figure 7B. Figure 7C shows the corresponding sta-
ble scalar concentration solution obtained with the inclusion of backflow stabilization. There was no significant differ-
ence in computational cost between solutions obtained with and without backflow stabilization.

3.2.2 | Consistent flux boundary condition

We next studied the performance of the consistent flux vs the zero diffusive flux boundary condition. In both cases,
backflow stabilization and a constant value of diffusion coefficient D = 102 mm2/s were used resulting in a maximum
Péclet number of Pemax = 80 at the inlet face. Figure 8 shows the geometric model with four arbitrary locations A-D
along the aorta. Scalar concentration profiles obtained with both boundary conditions at t = 6.55 seconds for locations
A-D are given. The concentration profiles show substantial variations along the cross section of the vessel for each loca-
tion, highlighting the contribution of the advection to the concentration profile. For instance, panels A and B show
larger values of concentration along the outer curvature of the aorta, where the velocity field is larger. Panels A and B
also show close agreement between the solutions obtained with each boundary condition. In contrast, panels C and D
show clear differences between the scalar concentration profiles, with discrepancies between solutions increasing
in locations closer to the outlet boundary. Location D shows substantial differences in numerical values and con-
centration profiles between the two solutions. These results highlight the intrusiveness of the zero diffusive flux
boundary condition, particularly in regions of the computational domain near the outlet boundaries. There was no
significant difference in computational cost between solutions obtained with the zero diffusive or consistent flux
boundary conditions.

FIGURE 5 A, Scalar contours

of 5 mm cylinder without the DC

Operator at t = 4 × 10−3 seconds. B,

Scalar contours with the DC

Operator at t = 4 × 10−3 seconds. C,

Scalar concentration along the

center of the cylinder with and

without DC Operator at three

instances in time:

t = 5 × 10−4 seconds,

t = 2 × 10−3 seconds and

t = 4 × 10−3 seconds

10 of 16 LYNCH ET AL.



3.2.3 | Discontinuity capturing operator

In this last example, we demonstrate the efficacy of the DC operator in resolving spurious oscillations in the scalar con-
centration solution. A constant diffusion coefficient, D = 1.0 mm2/s was used, resulting in a maximum Péclet number
of Pemax = 8.0 × 103 at the inlet face. Consistent flux boundary conditions were prescribed on each outlet face and back-
flow stabilization was used. Figure 9A,B shows the concentration contours at t = 4.04 seconds obtained without and
with the DC operator, respectively. Numerical undershoot/overshoot is observed near the wavefront of the scalar field

FIGURE 6 A, 3D

geometric model reconstructed

from CTA image data. B,

Computational mesh used in all

patient-specific simulations.

Both the geometric model and

computational mesh were

created using CRIMSON

FIGURE 7 A, Computational domain with thoracic aortic aneurysm showing flow reversal at the descending thoracic aorta outlet.

Surface contours of scalar concentration at time t = 4.39 seconds. B, Without scalar backflow stabilization numerical instability is observed

at the thoracic aorta outlet that proceeds to pollute the scalar domain. C, With backflow stabilization a stable scalar solution is obtained in

the presence of backflow at an outlet
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when no DC operator is used. Figure 9C shows a comparison between the two scalar concentration solutions, plotted
along an arbitrary line passing through the concentration wavefront. It can be observed that the solution without the
inclusion of the DC operator is characterized by spurious oscillations near the concentration wavefront. These

FIGURE 8 Patient-specific simulations in a human thoracic aneurysm were run with both a zero diffusive flux boundary condition

(solid red line) and a consistent flux boundary condition (dashed black line). Comparisons of the scalar profile across the diameter of the

model are shown at four locations, A to D. Results show that close to the inflow the scalar profile across the aorta is the same for both

boundary conditions at outlet faces. After the thoracic aneurysm the scalar profiles begin to differ and the greatest differences are observed

near the primary outlet face

FIGURE 9 Scalar concentration contours at t = 4.04 seconds obtained without, (A), and with the DC operator, (B), respectively.

Oscillations in the scalar solution can be seen near the wavefront in (A); a smooth concentration solution can be seen in (B). The lines (in A

and B) indicate the location where the scalar concentration profiles are shown in (C). The use of the DC operator effectively avoids the

overshoot/undershoot phenomena seen in the simulation with no DC

12 of 16 LYNCH ET AL.



oscillations result in unphysical (negative) minimum (−1.43 mol/mm3) and maximum (12.39 mol/mm3) values of con-
centration. In contrast, the solution obtained with the inclusion of the DC operator shows always positive, smoothly
varying scalar concentrations across the wavefront, devoid of any spurious oscillations.

4 | DISCUSSION AND CONCLUSIONS

Transport problems are of paramount importance in studying cardiovascular pathologies. Diseases such as intimal
hyperplasia, atherosclerosis and thrombosis are all directly affected by complex transient hemodynamics as well as the
transport of numerous chemical species and proteins.43-47 Modeling mass transport in cardiovascular systems presents
numerical challenges due to the inherently complex and time-dependent flow patterns and vessel geometries. This com-
plexity is further compounded by the large range of Péclet numbers found in cardiovascular flows. The primary aim of
this work is to present a stabilized computational framework to study 3D, transient cardiovascular mass transport prob-
lems. This includes the identification of appropriate boundary conditions that allow for physiologic flow reversal as well
as use of stabilization techniques to avoid spurious numerical oscillations in the computed concentration field.

A number of previous computational studies have employed modeling assumptions or simplifications that are
difficult to justify in cardiovascular mass transport problems. These have included unphysiologically large values of
diffusion coefficients to lower the Péclet number29,30; unrealistic extension of model branches to regularize velocity pro-
files near outlet faces26,27; and the prescription of arbitrary concentration or flux values at outlet boundaries26,27 with a
significant influence on the computed solution in regions of interest. These simplifications, always resulting from limi-
tations in the numerical approach, severely limit the applicability of such models for general cardiovascular mass trans-
port studies.

The computational framework for cardiovascular mass transport presented in this work has three salient features.
Firstly, we have presented a backflow stabilization strategy to obtain stable numerical solutions in the presence of flow
reversal at outlet boundaries. Secondly, we have introduced a “consistent flux boundary condition” and have demon-
strated its superiority over the typically used zero diffusive flux boundary condition in preserving the local physics
of the numerical solution, particularly in cases of low Péclet numbers. Lastly, this framework employs SUPG and DC
formulations to resolve steep concentration gradients in mass transport characterized by high Péclet numbers.

We have demonstrated the application of this framework in two different sets of geometries. Firstly, we chose ideal-
ized geometries with steady flow conditions to allow for a clear interpretation of different numerical challenges and to
illustrate the efficacy of the various stabilization techniques reported in this work. The second set of application exam-
ples considered a patient-specific model of a human aortic aneurysm under pulsatile flow conditions. This example
illustrates the applicability of the framework to complex cardiovascular mass transport problems.

Figure 3A demonstrates the issue of numerical divergence in simulations with backflow at Neumann boundaries.
The problem was set up in such a way that even under steady flow conditions, flow reversal occurred on some fraction
of the outlet boundaries (Γin

N ). For a diffusion coefficient D = 10−2 mm2/s and Péclet number of Pemean = 2.5× 104, sim-
ulations diverged if no backflow stabilization was utilized. Following concepts used for stabilization of outlet bound-
aries in flow problems, the backflow stabilization condition adds an advective component to the diffusive boundary
flux. When running experiments with lower Péclet numbers (ie, with larger diffusion coefficients), stable solutions can
be obtained even without any backflow stabilization. This is expected since the contribution of the advective flux to the
total flux decreases with smaller Péclet numbers. This observation explains that previous studies could report stable
solutions without using stabilized outlet boundary conditions for mass transport problems.29,30 However, an artificial
increase in diffusion coefficient changes the physics of the problem entirely

In Section 3.1.2, we studied the performance of the “consistent flux” vs standard zero diffusive flux boundary condi-
tion in a short cylindrical geometry, and compared the results against reference solutions obtained in an extended cylin-
drical geometry. Simulations demonstrated the superiority of the consistent flux boundary condition in preserving the
local accuracy of the solution near the outlet boundary (Figure 4), albeit a marginal difference relative to the reference
truth solution is still noticeable. Important to note, the diffusion coefficient used in this example was increased to
D = 102 mm2/s, leading to a smaller Péclet number of Pemean = 10. Simulations run with larger Péclet numbers show
smaller differences between consistent and zero flux boundary condition results.

In Section 3.1.3, the performance of the DC operator to stabilize oscillations in the wavefront of the scalar field for
high Péclet numbers was studied. A diffusion coefficient D = 10−2 mm2/s, rendering a Péclet number Pe = 104 was con-
sidered. Figure 5 illustrates that without the DC operator, overshoot/undershoot in the numerical solution occurs at the

LYNCH ET AL. 13 of 16



wavefront, resulting in unphysical negative scalar concentrations (−0.98 mol/mm3) as well as in concentration values
higher than those imposed at the inlet (11.92 mol/mm3). The DC operator eliminates the spurious oscillations, render-
ing a smooth solution without unphysical negative concentrations.

The performance of the three formulations was then tested in a patient-specific aortic aneurysm geometry under
pulsatile conditions, see Section 3.2. The backflow stabilization produced stable results in the presence of significant
flow reversal (Figure 7). The consistent flux boundary condition showed substantial differences in scalar concentration
profiles compared to the zero diffusive flux boundary condition, specifically in regions near the outlet boundary, see
Figure 8. Lastly, the DC operator rendered smooth concentration profiles near the wavefront of the solution for high
Péclet number transport, see Figure 9.

While the different formulations presented in this work provide a set of robust tools to enable simulation of cardio-
vascular mass transport under realistic geometries, flow, and Péclet number conditions, further developments are
needed. Future work includes validation of the proposed framework with in vitro dye perfusion experiments and in vivo
patient-specific angiography studies. Similarly to the reduced-order models widely adopted for cardiovascular flow
problems,3,48,49 it is critically important to develop reduced-order models of mass transport for the proximal and distal
portions of the vascular system not included in the 3D geometric model. This is particularly important when dealing
with closed-loop models and simulations involving reaction.

The DC scheme introduces a non-linear term in the weak form of the problem. Although an increase in computa-
tional cost was expected, no increase was observed in simulations run with the DC operator. This expense can be miti-
gated by the use of a time-lagging DC scheme.50 We remark, however, that in the presence of nonlinearity (eg, in
source terms), the scalar advection-diffusion problem would be nonlinear regardless of the DC scheme and computa-
tional cost will not be significantly different with and without the DC operator.
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