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It is now well known that altered hemodynamics can alter the genes that are expressed by diverse vas-
cular cells, which in turn plays a critical role in the ability of a blood vessel to adapt to new biomechanical
conditions and governs the natural history of the progression of many types of disease. Fortunately, when
taken together, recent advances in molecular and cell biology, in vivo medical imaging, biomechanics,
computational mechanics, and computing power provide an unprecedented opportunity to begin to
understand such hemodynamic effects on vascular biology, physiology, and pathophysiology. Moreover,
with increased understanding will come the promise of improved designs for medical devices and clinical
interventions. The goal of this paper, therefore, is to present a new computational framework that brings
together recent advances in computational biosolid and biofluid mechanics that can exploit new informa-
tion on the biology of vascular growth and remodeling as well as in vivo patient-specific medical imaging
so as to enable realistic simulations of vascular adaptations, disease progression, and clinical
intervention.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Since the 1970s, we as a research community have come to
appreciate the fundamental importance of biomechanical factors
in regulating normal vascular biology and physiology and similarly
in impacting the progression of many diseases as well as their re-
sponses to clinical intervention. Although such factors clearly in-
volve coupled effects between the flowing blood, vascular wall,
and perivascular tissues, that is, fluid–solid–solute interactions, re-
search in vascular biomechanics has traditionally advanced along
separate lines – biofluid mechanics, biosolid mechanics, and bio-
transport phenomena. There is, therefore, a pressing need to move
toward coupled problem formulations and solutions. Moreover, it
is well known that most physiologic, pathophysiologic, and repar-
ative processes in the vasculature manifest over periods of days to
weeks, months, or even years. Yet, most attention in vascular bio-
mechanics has focused on behaviors during a cardiac cycle or, at
best, at select time points during the progression of a disease or re-
sponse to a treatment or injury. Clearly, there is also a pressing
need to understand better the underlying processes that are
responsible for the conspicuous changes in structure and function
ll rights reserved.

eroa).
k.
that occur over long periods, changes that likewise depend
strongly on the biomechanics.

This paper is motivated by these needs, indeed, the need for a
new paradigm to address diverse biomechanical problems of the
vasculature by accounting for coupled fluid–solid-transport over
long periods of vascular adaptation and maladaptation [1]. Hence,
in this paper we show how computations of complex fluid–solid
interactions during a cardiac cycle can be linked to detailed analy-
ses of the solid mechanics of the vascular wall as well as descrip-
tions of the kinetics of biological growth and remodeling which
can depend strongly on solute transport. We refer to this new ap-
proach as fluid–solid-growth (FSG) modeling. Toward this end, we
build primarily on four separate advances by our groups: biome-
chanics of growth and remodeling [2], a coupled momentum meth-
od for fluid–solid interactions during a cardiac cycle [3], a theory of
small on large for coupling biosolid and biofluid mechanical
models [4], and improved approaches for modeling fluid boundary
conditions in complex vascular systems [5]. Because these devel-
opments progressed independently, and tended to follow different
notational conventions used by the biosolids and biofluids commu-
nities, we introduce notational changes herein to meld better these
prior developments; where possible, we follow Marsden and
Hughes [6] for such notational conventions, including lightface
italics for scalars, boldface italics for vectors and second-order
tensors, and boldface block letters for higher-order tensors.
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Furthermore, where possible we use upper case characters to refer
to material quantities and lower case for spatial quantities.

Although the formalism presented herein is meant to be suffi-
ciently general to accommodate many different types of advances
in modeling FSG problems, including 3D patient-specific simula-
tions, we necessarily restrict our illustrative numerical results to
a simple situation – influence of pressure-induced intramural
stress and flow-induced wall shear stress on the evolution of shape
and properties of a basilar artery following an initial concentric
loss of a portion of the elastin within the wall. Notwithstanding
the complexity of the associated biomechanical and biochemical
processes, which will certainly require further research to identify
more complete constitutive relations for the growth and remodel-
ing kinetics, we submit that the simple illustrative examples herein
reveal both the need for and the great potential of fluid–solid-
growth modeling in basic research, industrial R&D, and clinical
applications.
2. Methods

2.1. General framework for fluid–solid-growth (FSG) simulations

The FSG framework consists of two computational analyses de-
fined over different time scales. On one hand, we consider long-
term (weeks to months) simulations of the evolution of vascular
wall geometry, structure, and properties governed by stress-med-
iated growth and remodeling (G&R). On the other hand, we study
short-term (seconds) fluid–solid interaction (FSI) processes that
characterize the hemodynamic forces acting on the wall through-
out the cardiac cycle.

Each aspect of the framework uses different computational con-
figurations. For the G&R simulation, we introduce a reference con-
figuration jR and an intermediate configuration js (see Fig. 1). The
reference configuration jR is a computationally convenient fixed
configuration from which the position of each particle in other con-
figurations can be mapped. In this work, the healthy arterial seg-
ment at G&R time 0 is chosen to be the reference configuration.
The intermediate configuration js represents the mean geometry
of the artery over the cardiac cycle at some later time s. Positions
of a given particle in jR and js are given by X and xðsÞ, respectively.
Fig. 1. In vivo configurations for FSG simulations. In the growth and remodeling (G&R) p
process is represented by a deformation gradient FðsÞ corresponding to the mapping from
an intermediate configuration js at G&R time s. This intermediate configuration represen
(FSI) part of the analysis computes the hemodynamic forces acting on the vessel wall ove
the intermediate configuration js to a current configuration jt , representing the position
time scale G&R processes whereas the variable t is used for small time scale FSI process
Evolution of a lesion is represented by a mapping between these
two positions and the deformation gradient FðsÞ.

On the other hand, the FSI simulations utilize the intermediate
configuration js as a reference configuration whereas the current
configuration of the artery at any given time t during the cardiac
cycle is given by jt . The deformation gradient corresponding to a
mapping from js to jt is denoted by Fjs ðtÞ, which is assumed to al-
ways be associated with a ‘‘small” deformation. Considering this,
the deformation gradient FðtÞ corresponding to the mapping from
jR to jt can be written as

FðtÞ ¼ Fjs ðtÞFðsÞ: ð1Þ

Significant attention is given below in finding FðsÞ for G&R pro-
cesses. Finally, we denote the Cauchy stress in the wall by r; the
first Piola–Kirchhoff stresses in the wall, defined per unit area in
jR and js, are denoted by PjR ðtÞ and Pjs ðtÞ, respectively.

The FSG framework utilizes a loose coupling between the short-
term FSI simulations and the long-term G&R simulations. This cou-
pling is illustrated by the loop depicted in Fig. 2. In this loop, at a
given time sn defined over long-time scales, the FSI analysis calcu-
lates hemodynamic loads acting on the arterial wall during the car-
diac cycle, extracts the mechanical stimuli that affect vascular wall
G&R, and then transfers the information to the G&R formulation.
The G&R analysis then simulates the evolution of the arterial wall
over multiple G&R time steps. When changes in vessel wall geom-
etry and/or structure are significant, the loop returns to the FSI
analysis with updated information about the geometry, pre-stres-
ses, and material properties.

The transfer of material properties and pre-stresses between
the G&R analysis and the FSI analysis is facilitated using the theory
of small on large, which was reformulated in Baek et al. [4]. This
theory provides a consistent linearization of the constitutive rela-
tion for the wall by considering the multiplicative decomposition
of the total motion given by Eq. (1). That is, we assume that the
enlargement of the lesion is represented by a ‘‘large” deformation
characterized by FðsÞ, while the ‘‘small” deformation during the
cardiac cycle is characterized by Fjs ðtÞ.

For completeness, and to introduce a consistent notation, we
now briefly describe the main aspects of the FSG framework,
namely a constrained mixture theory for G&R of the wall, a coupled
momentum method for FSI, and a theory of small deformations
superimposed on large.
art of the analysis we simulate the evolution of an artery over long time scales. This
the reference configuration jR (a healthy configuration of the artery at time zero) to

ts the mean geometry of the artery over the cardiac cycle. The fluid–solid interaction
r the cardiac cycle. This analysis considers a small-deformation gradient Fjs ðtÞ from
of the artery at any time t during the cycle. Hence, the variable s corresponds to long
es.



Fig. 2. Iterative loop and information transferred in the coupling between the FSI and G&R parts of the FSG framework.

Fig. 3. Arterial wall as a constrained mixture of amorphous elastin matrix, collagen
fibers and smooth muscle.
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2.2. Biomechanics of growth and remodeling

2.2.1. Kinematics of an enlarging fusiform aneurysm
The G&R formulation is based on the framework presented by

Baek and colleagues [2]. The arterial wall is assumed to consist of
elastin, multiple families of collagen, and vasoactive smooth mus-
cle cells (see Fig. 3). Collagen families with different preferred fiber
orientations are treated as different co-existing constituents. In
this section, we use the superscript ‘i’ to refer to each constituent
(i.e., elastin, collagen, muscle) and the superscript ‘k’ to refer to
the kth family of collagen with a common fiber orientation. Thus,
i ¼ e;1;2; . . . ; k;m, where e denotes elastin and m denotes smooth
muscle. Not only can different types of constituents co-exist at a
point, constituents produced at different times can also co-exist.

Important configurations for this G&R formulation are shown in
Fig. 4. As we saw earlier, jR represents a fixed reference configura-
tion for a healthy artery at time s ¼ 0, which need not be stress-
free even if traction free. That is, different constituents can have
different pre-stresses at any G&R time s. Using ideas of constrained
mixture theory, however, we assume that there exists a natural
(stress-free) configuration ji

nðsÞ for each constituent ‘i’ when pro-
duced at a time s 2 ½0; s� [7] (see Fig. 4).

Indeed, defining a stress-free or traction-free configuration
in vivo is challenging since such configurations do not exist clini-
cally. Rather, we must rely on biomedical images obtained under
physiologic pressure; such images represent pre-stressed arterial
configurations. Recently, two different approaches have been pro-
posed to account for this pre-stress. The first approach enforces pre-
scribed values of pre-stress (or pre-strain) [8] whereas the second
approach uses an inverse elastostatic formulation to estimate the
pre-stress [9,10]. We emphasize, however, that in both cases the
tissue is treated as a materially uniform continua. In this work,
we employ an extension of the first approach: we assume that
the pre-stress in each constituent produced is the same as a postu-
lated homeostatic value in jR. In other words, we assume that cells
incorporate newly produced constituents within extant tissue at a
homeostatic (target) stress or strain. We describe how to enforce
this homeostatic state in jR in Section 3.2.

For each constituent, we must define the mapping from its indi-
vidual natural configuration to the reference configuration jR. Let
GiðsÞ be the deformation gradient corresponding to the deposition
of the ith constituent at time s. Then, the deformation gradient of
constituent i from its natural configuration ji

nðsÞ to the reference
configuration jR is given by F�1ðsÞGiðsÞ. Therefore, the deformation
gradient F i

nðsÞðsÞ mapping constituent i with natural configurations
defined at time s to the current G&R time s can be defined as



Fig. 4. Configurations for arterial G&R. The reference configuration jR is an initial configuration of a healthy artery under homeostatic and normal hemodynamic conditions.
The growth and remodeling of the artery is tracked by FðsÞ ðs ¼ ½0; s�Þ which maps jR to the intermediate configurations js . The natural configuration ji

nðsÞ is prescribed for a
constituent i that was produced at time s. The tensor GiðsÞ represents the prescribed ‘‘deposition stretch” of constituent i.
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F i
nðsÞðsÞ ¼ FðsÞF�1ðsÞGiðsÞ: ð2Þ

New constituents are not only deposited at a particular pre-
stretch or pre-stress, they are also oriented in an optimal mean.
Let the orientation of collagen fiber family k produced at time s
be represented by the unit vector mkðsÞ in the configuration js.
The orientation of this fiber family in its natural configuration
jk

nðsÞ is thus given by the unit vector Mk
nðsÞ defined as

Mk
nðsÞ ¼

GkðsÞ�1mkðsÞ
jGkðsÞ�1mkðsÞj

: ð3Þ

If we assume that the deposition stretch for collagen fibers has a
homeostatic value Gc

h for all k, the following relation between unit
vectors in jk

nðsÞ and js holds

GkðsÞMk
nðsÞ ¼ Gc

hmkðsÞ: ð4Þ

Hence, we can calculate the stretch at the current time kk
nðsÞðsÞ in a

collagen fiber family produced at time s considering the deforma-
tion gradient Fk

nðsÞðsÞ and the orientation Mk
nðsÞ in its natural

configuration:

kk
nðsÞðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fk

nðsÞðsÞM
k
nðsÞ � F

k
nðsÞðsÞM

k
nðsÞ

q
: ð5Þ

Whereas arterial collagen turns over continually throughout life
(and at higher rates in disease and cases of altered loading), elastin
has a very long half-life and thus does not turnover effectively [11].
The deposition of elastin is thus characterized differently given that
the majority of cross-linked elastin layers are synthesized at some
time so < 0 during development [12], and it is difficult to trace
the production time. We define a new tensor ~Ge ¼ F�1ðsoÞGe repre-
senting the mapping from the natural configuration of elastin to the
computational reference configuration jR [13], which relative to
principal directions is assumed to be

~Ge ¼
Ge

1 0 0
0 Ge

2 0
0 0 1

Ge
1Ge

2

2
64

3
75: ð6Þ
Considering this, the deformation gradient for elastin at the current
time Fe

nðsÞ is given by

Fe
nðsÞ ¼ FðsÞ~Ge: ð7Þ

Although Fig. 4 presents a general scheme for a G&R framework,
in this work we specialize it to a two-dimensional (2D) model,
treating the vessel wall as a membrane. Henceforth, FðsÞ denotes
a 2D deformation gradient associated with a mapping from a mem-
brane topology defined in the reference configuration jR to that in
the intermediate configuration js.

2.2.2. Constituent turnover and wall properties
Each constituent can be produced and removed over time. The

areal mass density MðsÞ denotes the total mass per unit area in
the configuration js at time s 2 ½0; s�, and the areal mass density
at time s, MðsÞ, can be calculated by [2]

MðsÞ ¼
X

i

MiðsÞ ¼ 1
JðsÞ

X
i

Mið0ÞQ iðsÞ þ
Z s

0
miðsÞqiðs� sÞJðsÞds

� �
;

ð8Þ

where JðsÞ is the determinant of the 2D deformation gradient FðsÞ,
QiðsÞ is the fraction of the ith constituent that was present at time 0
and still remains at time s, miðsÞ is the true rate of production of the
ith constituent at time s per unit area in js, and qiðs� sÞ is its sur-
vival function, that is, the fraction of constituent i produced at time
s that remains at time s. Note that Eq. (8) can be rewritten in terms
of MRðsÞ and mi

RðsÞ (see [2]), where MRðsÞ ¼ MðsÞJðsÞ and
mi

RðsÞ ¼ miðsÞJðsÞ for s 2 ½0; s�. Let the mass fractions /iðsÞ ði ¼ e; kÞ
be

/iðsÞ ¼ MiðsÞ
MðsÞ such that

X
i

/iðsÞ ¼ 1 8s: ð9Þ

Assuming that the overall mass density of the wall remains con-
stant throughout G&R (i.e., qðsÞ ¼ q; [14]), the current thickness
of the wall is calculated by
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hðsÞ ¼ MðsÞ
q

: ð10Þ

In our previous work [2,15], we assumed that the production rate
of collagen fibers depended solely on the intramural stress experi-
enced by the cells interacting with the surrounding matrix. We
know, however, that changes in wall shear stress affect the release
of vasoactive substances by the endothelium that also affect the
turnover of collagen and smooth muscle. In this work, by coupling
the G&R and FSI formulations, we can incorporate this additional
mechanical stimulus. Therefore, the rate of mass density production
for a collagen family mkðsÞ is postulated to depend on both the devi-
ation of a scalar measure of the intramural stress from its postulated
homeostatic value ðrk � rhÞ and the deviation of the wall shear
stress from its homeostatic value ðsw � sh

wÞ. Let rk be given by:

rkðsÞ ¼ kT
cðsÞmkðsÞk

hcðsÞ
; T cðsÞ ¼

X
k

TkðsÞ; hcðsÞ ¼
X

k

hkðsÞ; ð11Þ

where TcðsÞ and hcðsÞ are the collagen Cauchy membrane stress
determined by satisfying wall equilibrium and collagen thickness
at time s, respectively. The mean value of wall shear stress sw is ob-
tained directly from the FSI simulations (see Fig. 2). As an illustra-
tive example, consider the following linearized form for the rate
of mass production:

mkðsÞ ¼ MðsÞ
Mð0Þ krðrkðsÞ � rhÞ þ ksðswðsÞ � sh

wÞ þmk
basal

� �
; ð12Þ

where kr and ks are scalar parameters that control the stress-med-
iated G&R and mk

basal is a basal rate of mass production for the kth
fiber family. At the homeostatic state, therefore, the production rate
follows the basal rate. We define the survival function for the kth
collagen family as

qkð~sÞ ¼
1 0 6 ~s 6 s1

1
2 cos p

s2�s1
ð~s� s1Þ

� �
þ 1

n o
s1 6 ~s 6 s2

0 s2 6 ~s

8><
>: : ð13Þ

We should note that the basal rate of mass production for each con-
stituent must be selected in a way such that production and re-
moval are perfectly balanced in the absence of altered stresses
from homeostatic values. Using this condition, mk

basal and QkðsÞ
can be obtained as [15]

mk
basal ¼

Mkð0ÞR1
0 qkð~sÞd~s

; QkðsÞ ¼ 1�
R s

0 qkð~sÞd~sR1
0 qkð~sÞd~s

: ð14Þ

The alignment of newly deposited collagen fibers within the
arterial wall is not clearly understood, but it has been suggested
that it may depend on the deformation of existing collagen fibers
or on their state of stress [16,17]. Our previous work on G&R of
fusiform aneurysms [2] suggests that unstable growth may occur
if newly deposited collagen fibers align towards the direction of
the larger principal stresses, whereas stable growth may occur if
alignment is towards the direction of smaller principal stress. For
illustrative purposes, however, we assume simply that the collagen
deposition alignment during G&R depends only on the deformation
of existing fibers. More specifically, we assume that

tanðakðsÞÞ ¼ tanðakð0ÞÞ k1ðsÞ
k2ðsÞ

	 

; ð15Þ

where akðsÞ is the orientation of the collagen fiber family k at deposi-
tion time s and k1 and k2 are principal stretches during the G&R process.

Our treatment of the kinetics of elastin fibers is simpler since
the isotropically deposited elastin is synthesized primarily during
development and its half-life is much longer than that of collagen.
Therefore, the following assumptions for mass production rate and
survival function are made: meðsÞ ¼ 0 and Q eðsÞ ¼ 1. It is noted,
however, that Q eðsÞ could be allowed to be a decreasing function
of time s, as in true aneurysmal development, Marfan syndrome,
aging, and so on. Herein, we simply consider consequences of an
instantaneous loss of a portion of the elastin just prior to s ¼ 0.

For an elastic body, the Cauchy membrane stress T for the mix-
ture can be given by

TðsÞ ¼ 2
JðsÞ FðsÞ

@wRðsÞ
@CðsÞ FðsÞT þ T ðactÞðsÞ; ð16Þ

where C ¼ FT F . The strain energy of the mixture per unit reference
area wR is defined as the sum of the energy stored in the elastin-
dominated amorphous matrix and the multiple families of collagen,
namely

wRðsÞ ¼ we
RðsÞ þ

X
k

wk
RðsÞ: ð17Þ

To account for the constancy (or time-dependent loss) of elastin and
collagen turnover, the strain energy function for these constituents
can be written as [2]

we
RðsÞ ¼ Með0ÞQ eðsÞWeðCe

nÞ; ð18Þ

wk
RðsÞ ¼ Mkð0ÞQ kðsÞWkðkk

nð0ÞÞ þ
Z s

0
mkðsÞqkðs� sÞWkðkk

nðsÞÞJðsÞds;

ð19Þ
where Ce

n ¼ Fe
n

T Fe
n. We and Wk are the strain energy of the elastin-

dominated amorphous matrix and the kth collagen fiber family
per unit mass, respectively. The strain energy for the elastin-domi-
nated matrix is typically assumed to be neo-Hookean:

WeðCe
nðsÞÞ ¼

c1

2
Ce

n½11� þ Ce
n½22� þ

1
Ce

n½11�C
e
n½22�
� 3

 !
; ð20Þ

where Ce
n½11� and Ce

n½22� are diagonal components of Ce
n. For collagen,

we postulate that the form of the strain energy function for the
kth collagen fiber family Wk is the same for all fiber families, i.e.
Wk � Wc . This energy is typically given by the exponential form [18]

Wcðkk
nðsÞðsÞÞ ¼

c2

4c3
fexp½c3ðkk

nðsÞðsÞ
2 � 1Þ2� � 1g; ð21Þ

where kk
nðsÞðsÞ is the stretch of the fiber family k produced at time s

but currently in configuration js.
The Cauchy membrane stress is given as the sum of passive and

active membrane stresses, i.e., T ¼ T ðpassÞ þ T ðactÞ. Substituting (20)
and (21) into (16), T ðpassÞ can be written for a state of biaxial defor-
mation as

T11ðpassÞðsÞ ¼ 2
k1

k2
Með0ÞQ eðsÞ @W

e

@Ce
n½11�
ðGe

1Þ
2

(

þ
X

k

Mkð0ÞQ kðsÞ @Wc

@ðkk
nð0Þ

2Þ

@ðkk
nð0Þ

2Þ
@ðk2

1Þ

2
4

þ
Z s

0
mk

RðsÞqkðs� sÞ @Wc

@ðkk
nðsÞ

2Þ

@ðkk
nðsÞ

2Þ
@ðk2

1Þ
ds

3
5
9=
;; ð22Þ

T22ðpassÞðsÞ ¼ 2
k2

k1
Með0ÞQ eðsÞ @W

e

@Ce
n½22�
ðGe

2Þ
2

(

þ
X

k

Mkð0ÞQ kðsÞ @Wc

@ðkk
nð0Þ

2Þ

@ðkk
nð0Þ

2Þ
@ðk2

2Þ

2
4

þ
Z s

0
mk

RðsÞqkðs� sÞ @Wc

@ðkk
nðsÞ

2Þ

@ðkk
nðsÞ

2Þ
@ðk2

2Þ
ds

3
5
9=
;; ð23Þ

where mk
RðsÞ ¼ mkðsÞk1ðsÞk2ðsÞ.
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The active membrane stress due to vascular smooth muscle
T ðactÞ is assumed to have the following form (similar to [19])

T ðactÞ ¼ hTðCaþþÞ~k2f ð~k2Þe2 � e2; with f ð~k2Þ ¼ 1�
~kM � ~k2

~kM � ~ko

 !2

;

ð24Þ

where h is the current thickness, TðCaþþÞ represents the contractil-
ity of smooth muscle cells, ~k2 is the stretch of the smooth muscle
cells relative to their preferred homeostatic state, and ~kM and ~ko

are stretches corresponding to the maximum contraction and the
active force generation limits, respectively. Considering Eqs. (16)
and (24), we can define an active potential WðactÞ such that
wðactÞ ¼ MðsÞJðsÞWðactÞ. The first derivatives of this active potential
energy are given by

@WðactÞ

@k2
¼ TðCaþþÞ

q
f ð~k2Þ

~k2

k2
;

@WðactÞ

@k1
¼ 0: ð25Þ

The vasoactive response can be altered by either changing the
contractility TðCaþþÞ or by shifting the preferred homeostatic state
via rearrangement of smooth muscle cells [13]. In this work, how-
ever, we assume that TðCaþþÞ is constant. Furthermore, we assume
that smooth muscle cells reorganize during the long-term G&R so
that they are in a preferred homeostatic state at all intermediate
configurations js. The preferred state of smooth muscle cells, how-
ever, does not change during the cardiac cycle modeled by the FSI
formulation in Section 2.3. The stretch of smooth muscle during
the cardiac cycle can be calculated by ~k2 ¼ k2ðtÞ=k2ðsÞ.

2.2.3. Numerical simulations of G&R of an axisymmetric vessel
We consider a membrane formulation for the G&R simulations

where the computational domain of the vessel wall is given by the
surfaces CR and Cs defined in the reference and intermediate con-
figurations, respectively:

CR ¼ fX 2 jRg; Cs ¼ fxðsÞ 2 jsg: ð26Þ

We assume an axisymmetric geometry for the vessel at all times
(which is appropriate given axisymmetric G&R in response to a con-
centric loss of elastin), whereby positions of a point in reference and
intermediate configurations, X and xðsÞ, can be expressed by two
sets of cylindrical coordinates ðZ;H;RÞ and ðz; h; rÞ, with h ¼ H for
all s, namely

X ¼ R cos Hiþ R sin Hj þ Zk; ð27Þ
xðsÞ ¼ rðsÞ cos hiþ rðsÞ sin hj þ zðsÞk: ð28Þ

We can further define the geometry of the artery in the reference
configuration using a continuous function R ¼ RðZÞ. Furthermore,
using a set of two-dimensional curvilinear coordinates
Na ¼ fZ;Hg, we can parameterize the current position of a point x
in js as

xðsÞ ¼ xðrðZ;HÞ; hðZ;HÞ; zðZ;HÞÞ ¼ xðZ;HÞ: ð29Þ

The associated bases for this curvilinear parametrization are

GA ¼
@X
@NA

; ga ¼
@x
@Na

; ð30Þ

where A; a ¼ 1;2. Local orthonormal bases and outward normal vec-
tors in the reference and intermediate configurations are thus given
by

EA ¼
GA

jjGAjj
; N ¼ G1 � G2

jjG1 � G2jj
; ea ¼

ga

jjgajj
; n ¼ g1 � g2

jjg1 � g2jj
: ð31Þ
Consequently, the deformation experienced by the artery due to
growth is defined by

r ¼ rðZÞ; h ¼ H; z ¼ zðZÞ; ð32Þ

and FðsÞ ¼ FiJei � EJ where

FiJ ¼
k1 0
0 k2

� �
; k1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz0Þ2 þ ðr0Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðR0Þ2

q ; k2 ¼
r
R
; ð33Þ

where k1 and k2 are the two principal stretches and ð�Þ0 ¼ @ð�Þ=@Z.
G&R of the artery is simulated using a finite element method

based on the principle of virtual work to satisfy equilibrium at each
G&R time s. It is noted, therefore, that inertial forces are negligible
in most arteries with respect to in vivo stress analyses [14]. The
governing equation is given by

dI ¼
Z

CR

dwR dA�
Z

Cs

PðxÞn � dxda ¼ 0; ð34Þ

where PðxÞ is the transmural pressure and dx represents virtual
changes in position, with a and A denoting surface areas in the cur-
rent and reference configurations. A variation of Eq. (34) with re-
spect to r and z yields two sets of nonlinear algebraic equations:

F �
2p
R Zo

0
@wR
@r wi þ @wR

@r0 w0i
� �

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðR0Þ2

q
� Pz0rwi dZ

2p
R Zo

0
@wR
@z wi þ @wR

@z0 w0i
� �

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðR0Þ2

q
þ Pr0rwi dZ

8><
>:

9>=
>; ¼

0
0

� �
;

ð35Þ

where wj is a global quadratic interpolation function corresponding
to the jth node. After obtaining the non-dimensional counterpart of
Eq. (35), it is possible to define non-dimensionalized stress media-
tion parameters, k̂r and k̂s used in Section 3 (see [2] for details).

k̂r ¼
rhs2

Mð0Þ

	 

kr; k̂s ¼

sh
ws2

Mð0Þ

	 

ks: ð36Þ

The set of non-linear algebraic equations represented in (35) is
solved using a Newton-Raphson procedure.

2.3. Method for fluid–solid interaction

Solving the coupled problem of blood flow and vessel wall mo-
tion in an arbitrary geometry given by a patient-specific arterial
tree is a computationally expensive task [3,20–22]. In the context
of the FSG framework presented in this paper, where we must eval-
uate a large number of hypotheses regarding different mechanisms
that may regulate vessel growth and remodeling, it is important
that we perform the requisite fluid–solid interaction computations
as efficiently as possible. Although arterial wall behavior is highly
nonlinear under finite deformations, particularly during G&R, it ap-
pears that this behavior can be approximated well over the cardiac
cycle using an appropriate linearization [4]. Hence, it is possible to
use methods that take advantage of a linear wall behavior in these
fluid–solid interaction problems. Figueroa et al. [3] recently devel-
oped one such method. Their ‘‘coupled momentum method” em-
ploys a monolithic scheme, conforming meshes at the vascular
wall-fluid boundary interface, and a thin linearly elastic enhanced
membrane model for the arterial wall. This set of features and sim-
plifications make the formulation computationally efficient for
problems where the deformation and thickness of the arterial wall
are small (as in most cerebral aneurysms like the one considered in
this work), thus enabling patient-specific fluid-structure computa-
tions with a modest increase in computing time compared to that
of rigid wall analysis. In Section 2.3.1, we briefly describe the basis
of the coupled momentum method. For internal consistency, how-



Fig. 5. Schematic representation of arterial configurations used in the FSI formulation (top), and fluid–solid domains and their boundaries (bottom).
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ever, some of the notation has been changed from the original
paper.

Another important aspect to consider when solving FSI prob-
lems in the cardiovascular system is the specification of boundary
conditions on the fluid domain (both inlet and outlet). These
boundary conditions should represent hemodynamic characteris-
tics of the vasculature not included in the computational domain.
Indeed, this is particularly important in FSG modeling for these
boundary conditions set the ‘‘loads” that the vascular wall experi-
ences through the cardiac cycle, that is, they determine the overall
level of pressure and shear stress. Vignon-Clementel et al. [5] de-
scribed a ‘‘coupled multi-domain” formulation based on the Dirich-
let-to-Neumann [23] and variational multiscale methods [24] that
embeds the effects of downstream vascular beds, using reduced-
order models, into a three-dimensional finite element formulation
for the computational domain. In this work, we include this ‘‘cou-
pled multi-domain” approach for boundary condition specification
and summarize this method in Section 2.3.2.
2.3.1. A coupled momentum method for FSI
The coupled momentum method is based on a stabilized finite

element formulation [20,25] applied to the incompressible Na-
vier-Stokes equations in a fixed computational grid. The method
formulates the degrees-of-freedom (i.e., displacements u) for the
vascular wall as a function of the fluid velocities v at the fluid–so-
lid interface, using an enhanced linear membrane formulation. To
characterize the method, we first introduce the configurations, do-
mains, and boundaries considered for blood flow and vascular wall
motion.

As described in Section 2.1, the FSI problem defined on the
small time scales employs an intermediate configuration js repre-
senting the average geometry of the arterial structure over the car-
diac cycle. The position of any point xðsÞ on the fluid–solid
interface at the intermediate configuration Cs 2 js will be mapped
to a point xðtÞ on Ct 2 jt via a ‘‘small” deformation and associated
deformation gradient Fjs ðtÞ introduced in Eq. (1) (see Fig. 5).

2.3.1.1. Blood flow equations. The blood flow problem is defined
within a domain Xf that represents the current configuration of
the blood volume inside the artery at any time t during the cardiac
cycle. The boundary of the blood flow domain Xf is given by

@Xf ¼ Cin [ Ct [ Cout; Cin \ Ct \ Cout ¼ ;; ð37Þ
where Cin represents the boundary where a velocity field v ¼ v in is
prescribed; this usually corresponds to the inflow face of the model.
Cout represents the boundary where a traction field tout is pre-
scribed; this usually corresponds to an outflow face of the model.
This traction is prescribed weakly by considering a reduced-order
model of the downstream vasculature via the ‘‘coupled multi-
domain” method (see Section 2.3.2). Lastly, Ct represents the inter-
face between blood and vessel wall (i.e., the luminal surface). The
traction tf acting on this boundary is determined using information
coming from the weak form solution for the dynamics of the vascu-
lar wall.

Because the motion of the vessel wall is considered to be small,
we assume for the FSI problem that the current configuration jt

can be approximated by the intermediate configuration js for all
times: jt � js 8t. Therefore, the Eulerian coordinates xðtÞ defining
the boundaries of the flow domain will be given by the coordinates
xðsÞ of the boundaries at the intermediate configuration. Consider-
ing this, the weak formulation of the blood flow problem in the
fixed Eulerian frame is:Z

Xf
fw � ðqf _v þ qf vrv � bÞ þ rw : ð�pI þ sÞ � rq � vgdv

þ
Z

Cin

qvn daþ
Z

Cout

f�w � tout þ qvngda

þ
Z

Ct

f�w � tf þ qvngdaþ stabilization terms ¼ 0

8xðtÞ 2 Xf ; 8t 2 ½0; T�: ð38Þ

Here, p and v are the blood pressure and velocity, respectively, and
T is the period for a cardiac cycle (	1 s in humans). The test func-
tions for mass and momentum balance are q and w, respectively;
qf is the mass density of the blood, b is a body force per unit volume
(e.g. gravity), and s is the viscous part of the stress response for the
blood, where

s ¼ lðrv þrvTÞ ð39Þ

and l is the dynamic viscosity. The total response of the blood (con-
sidered Newtonian) is thus

rf ¼ �pI þ s; ð40Þ
where the Lagrange multiplier p that enforces incompressibility
equals the blood pressure.

We refer the reader to the original paper [3] for the expression
of the stabilization terms considered in Eq. (38).
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2.3.1.2. Vessel wall equations. Assuming the wall to be a membrane,
the problem is defined in a ‘‘volume” Xs given by the interface be-
tween blood and the vascular wall in the intermediate configura-
tion js having some thickness h:

Xs ¼ fxðsÞ 2 Csg � h � js: ð41Þ

The boundaries of this domain are Cs
in � @Cin � h and

Cs
out � @Cout � h (see Fig. 5), with a Dirichlet condition on the veloc-

ity prescribed on the former and a Neumann boundary with a trac-
tion hs prescribed on the latter. Lastly, a traction ts acts on the fluid–
solid interface Cs. The Galerkin formulation for the vascular wall
can then be given in Lagrangian form asZ

Xs
qw � _v dV þ

Z
Xs
rw : LðPjs ÞdV ¼

Z
Xs

w � bs dV

þ
Z

Cs
out

w � hs dAþ
Z

Cs

w � ts dA 8xðsÞ 2 Xs; 8t 2 ½0; T�: ð42Þ

Here, v represents the velocity of the vascular wall, which is iden-
tical to the fluid velocity due to the conforming meshes at the inter-
face Cs, w is the wall test function, q is the mass density of the
vessel wall, LðPjs Þ is the linearization via small on large of the first
Piola–Kirchhoff stress tensor defined in the G&R formulation, and bs

is a body force per unit volume. In this context, it is appropriate to
characterize the vessel wall stress using a linearized first Piola–Kir-
chhoff tensor LðPjs Þ, since we are relating forces in current time
with a geometry given in a fixed configuration (i.e., intermediate
configuration js). This linearized first Piola–Kirchhoff tensor is a
function of the vessel wall displacement uðxðsÞ; tÞ, which is calcu-
lated via integration of the vessel wall velocity using a Newmark
scheme [26].

At the interface Cs, the deformation gradient Fjs is associated
with a mapping from the position xðsÞ on Cs to the position xðtÞ
on Ct (see Fig. 5). The traction vectors can be written as tf ¼ rf nf

on Ct and ts ¼LðPjs ÞN
s on Cs, where nf and Ns are outward unit

normals to the surfaces Ct and Cs, respectively. The mapping of
the surface vector element is given by nf da ¼ �Jjs

F�T
js

Ns dA (e.g.,
[27]). Therefore, the term ð

R
Ct

w � tf daÞ in Eq. (38) can be rewritten
asZ

Ct

w � tf da ¼ �
Z

Cs

w � Jjs
rf F�T

js
Ns dA: ð43Þ

Using the traction condition rsns ¼ �rf nf at the interface and
LðPjs Þ ¼ Jjs

rsF�T
js

, we obtain the condition at the interface

�
Z

Ct

w � tf da ¼
Z

Cs

w � ts dA: ð44Þ

Neglecting the body force in the wall (e.g., [28]), using a mem-
brane assumption, and combining Eqs. (42) and (44), the fluid–so-
lid interface condition can be written as

�
Z

Ct

w � tf da ¼
Z

Cs

hqw � _v dAþ
Z

Cs

hrw : LðPjs ÞdA

�
Z

Cs
out

hw � hs dL: ð45Þ
Fig. 6. Schematic representation of the stresses and strains used in the linear enhanced m
Combining Eqs. (45) and (38), we obtain the variational formulation
for the ‘‘coupled momentum” method in a fixed Eulerian frame (cf.
[3]):Z

Xf
fw � ðqf _v þ qf vrv � bÞ þ rw : ð�pI þ sÞ � rq � vgdv

þ
Z

Cin

qvndaþ
Z

Cout

f�w � tout þ qvngdaþ
Z

Ct

qvn da

þ
Z

Cs

hqw � _v dAþ
Z

Cs

hrw : LðPjs ÞdA

�
Z

Cs
out

hw � hs dLþ stabilization terms ¼ 0

8xðtÞ 2 Xf ; 8t 2 ½0; T�: ð46Þ

In order to complete the description of the method, we must de-
scribe the vessel wall stress termZ

Cs

hrw : LðPjs ÞdA ð47Þ

according to the linear membrane adopted.

2.3.1.3. Linear enhanced membrane model. The membrane model
used by the coupled momentum method utilizes a standard two-
dimensional triangular linear membrane element, with additional
out-of-plane shear components (see Fig. 6). As discussed earlier
in Section 2.1, we assume that the deformation gradient Fjs ðtÞ
characterizing the motion of the vessel wall over the cardiac cycle
is defined by a small displacement gradient H:

Fjs ðtÞ ¼
@xðtÞ
@xðsÞ ¼ I þ HðtÞ; HðtÞ ¼ @uðtÞ

@xðsÞ ; jjHðtÞjj 
 1;

uðtÞ ¼ xðtÞ � xðsÞ; ð48Þ

8s fixed and t 2 ½0; T�.
For the thin membrane considered here, we neglect the

through-thickness components of the displacement gradient and
define the following membrane strain tensor:

e ¼

H11

H22

H12 þ H21

H31

H32

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
: ð49Þ

The membrane model utilizes a linearization of the first Piola–Kir-
chhoff tensor defined in the G&R analysis LðPjs Þ around
FðtÞ � FðsÞ. This linearization is accomplished via the theory of small
on large as summarized in Section 2.4. The membrane stresses
resulting from this linearization are depicted in Fig. 6. Note that,
as justified by the thin membrane formulation, we assume that
the LðPjs Þ33 component of the linearized stress tensor is small
compared to the other components. Eq. (46) is spatially discretized
using linear tetrahedral elements. The resulting semi-discrete sys-
tem of equations is integrated over time using a Generalized-alpha
embrane model of the fluid–solid interaction formulation described in Section 2.3.



Fig. 7. The spatial fluid domain ~Xf is separated into an upstream ‘‘numerical” domain Xf and a downstream ‘‘analytical” domain X0f , demarcated by the interface Cout. The
effect of the analytic domain on the numerical domain is incorporated in boundary operators that characterize the relationship between pressure and flow in the downstream
vasculature. Note that distributed or lumped models can be used for the analytic domain. In this work, we have used a distributed model to generate a terminal impedance
function ZðxÞ:
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method [29]. Details on the solution strategy are described in Figue-
roa et al. [3].

2.3.2. Boundary conditions for the FSI problem
The ‘‘coupled-multidomain” formulation for specifying outlet

boundary conditions [5] for the fluid domain employs a disjoint
decomposition of the blood flow spatial domain ~Xf into an up-
stream ‘‘numerical” domain Xf and a downstream ‘‘analytical” do-
main X0f such that ~Xf ¼ Xf [X0f and Xf \X0f ¼ ;. These two
domains are separated by the boundary Cout (see Fig. 7).

The method then applies a similar disjoint decomposition to the
flow variables. If the solution vector is written as ~V ¼ f~v ; ~pgT , then
this vector can be separated into a component that is defined with-
in the numerical domain Xf and a component defined within the
analytical domain X0f , viz.

~V ¼ V þ V 0 with V jX0f ¼ 0 and V 0jXf ¼ 0: ð50Þ

This decomposition further satisfies the condition V ¼ V 0 at the
interface Cout, and is also applied to the weighting functions. The
coupled-multidomain method produces a variational form for the
numerical domain Xf similar to the one given by Eq. (38), where
the integral term defined on Cout is written in terms of operators
M ¼ fMm;McgT jCout

and H ¼ fHm;HcgT jCoutZ
Cout

f�w � tout þ qvngda �
Z

Cout

f�w � ðMmðv ;pÞ þ HmÞnf

þ qðMcðv; pÞ þ HcÞ � nf gda; ð51Þ

where subscripts m and c denote the fluid momentum and mass bal-
ance components of the operators, respectively. These operators are
defined in the domain X0f based on the model chosen to represent
blood flow and pressure in that domain. For instance, if we consider
a linear wave propagation model as the analytical solution in X0f de-
fined as a one-dimensional network, then it is possible to derive an
input vascular impedance function ZðxÞ for the inlet of the analyti-
cal domain (i.e., the boundary Cout) that is used as a terminal imped-
ance of the numerical domain [30]. This impedance function ZðxÞ
relates flow and pressure modes for all frequencies x considered
in the analysis, and is used to define the operators M and H. More
specifically, for the examples considered in this paper, we have

Z
Cout

f�w � ðMmðv; pÞ þ HmÞnf gda

¼
Z

Cout

w � 1
T

Z T

t�T
zðt � t1ÞQðt1Þ½ �dt1 þ nf � snf

	 

nf da

�
Z

Cout

w � snf da ð52Þ
Z
Cout

qðMcðv ;pÞ þ HcÞ � nf da ¼
Z

Cout

qv � nf da: ð53Þ

Eqs. (52) and (53) represent mass and momentum balance between
the numerical and analytical domains. In Eq. (52), we can see the
convolution of the impedance function in the time domain zðtÞ
and flow QðtÞ on Cout. This convolution integral sets the pressure
p at the interface as a function of the flow characteristics in the
downstream domain X0f .

2.4. Theory of small on large for FSG simulations

We have previously suggested that the theory of small deforma-
tions superimposed on large can serve as a useful tool to obtain a
linearized response of the wall during the cardiac cycle without
compromising important characteristics such as anisotropy and
smooth muscle tone [4]. Furthermore, we have shown that this lin-
earized response can provide a good approximation for the wall
constitutive behavior during the cardiac cycle and can be used in
fluid–solid interaction computations. Here, we briefly describe
how to obtain a linearized response from the constitutive relation
used during arterial adaptation in Section 2.2.2.

For an incompressible elastic material, the constitutive relation
for Cauchy stress r is given by

rðtÞ ¼ �pI þ 2FðtÞ @WðtÞ
@CðtÞ FðtÞT ; ð54Þ

where p is a Lagrange multiplier and W is the strain energy per unit
reference volume. During the cardiac cycle we assume that the G&R
time s and the configuration js are fixed and we utilize the config-
uration js as a reference configuration for FSI simulations. Hence,
although not specified explicitly, the kinematic quantities are func-
tions of position xðsÞ. The first Piola–Kirchhoff stress Pjs ðtÞ with re-
spect to an area of the intermediate configuration js can be written
as (see Fig. 1 and recall that FðtÞ ¼ Fjs ðtÞFðsÞ)

Pjs ðtÞ ¼ rðtÞFjs ðtÞ
�T ¼ �pFðtÞ�T FðsÞT þ 2FðtÞ @W

@CðtÞ FðsÞ
T
: ð55Þ

Note that, when Fjs ðtÞ ¼ I, Pjs ðtÞ is the same as the Cauchy stress
rðtÞ and will be denoted as PðsÞ. As introduced in Section 2.3.1,
Pjs can be linearized at Fjs ðtÞ ¼ I (or HðtÞ ¼ 0) with respect to the
small deformation gradient HðtÞ (see Eq. (48)), so that components
of the linearized stress LðPjs Þ can be written as (see [4])

LðPjs Þij ¼ PijðsÞ þ Aijkl�klðtÞ þ BijklxklðtÞ; ð56Þ

where �klðtÞ ¼ ðHklðtÞ þ HlkðtÞÞ=2 and xklðtÞ ¼ ðHklðtÞ � HlkðtÞÞ=2.
The fourth-order tensor coefficients Aijkl and Bijkl of Eq. (56) are

given by:
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Aijkl ¼ dikð2pdlj þ PljðsÞÞ þ 4FiAðsÞFjBðsÞFkPðsÞFlQ ðsÞ

� @2W
@CABðtÞ@CPQ ðtÞ

jCðtÞ¼CðsÞ; ð57Þ

Bijkl ¼ dikPljðsÞ: ð58Þ

Considering the elastin, collagen, and vasoactive components of the
strain energy function defined in Section 2.2.2, the total strain en-
ergy per unit reference volume can be written as

WðtÞ ¼ qwRðtÞ
MRðtÞ

ð59Þ

¼ q
MRðtÞ

fMeð0ÞQeðtÞWeðCe
nðtÞÞ þ

X
k

½Mkð0ÞQ kðtÞWcðkk
nð0ÞðtÞÞ

þ
Z t

0
mk

RðsÞqkðt � sÞWcðkk
nðsÞðtÞÞds�g þ qWactðtÞ: ð60Þ

For a pressurized thin membrane, the radial component of stress
P33ðsÞ is small compared to P11ðsÞ and P22ðsÞ and can be assumed
to be zero (see Fig. 6). Then, the Lagrange multiplier p can be re-
placed by the extra part of P33ðsÞ as given by Eq. (55) (cf. [18]). This
term is small, however, and negligible compared to the other terms
of Aijkl. Eq. (57) can be simplified to
Aijkl ¼ dikPljðsÞ þ 4FiAðsÞFjBðsÞFkPðsÞFlQ ðsÞ
@2W

@CAB@CPQ


CðtÞ¼CðsÞ

;

Bijkl ¼ dikPljðsÞ: ð61Þ
As we saw in Section 2.3.1, our FSI formulation considers a special
definition for the strains (see Eq. (49)). Therefore, we use a vector
of test function gradients rw ¼ fw1;1;w2;2;w1;2 þw2;1;w3;1;w3;2gT

in Eq. (47). Considering this, components of this equation can be
written as:

wi;jLðPjs Þij ¼ wi;jðPijðsÞ þ Aijkl�kl þ BijklxklÞ
¼ wi;jPijðsÞ þwi;jðAijkl�kl þ BijklxklÞ: ð62Þ
Note that the dependency of wi;j, �kl, and xkl with respect to time t is
suppressed. The second term in the right hand side of Eq. (62) can
be evaluated considering the following cases:

(1) when i ¼ j, k ¼ l (no sum)

wi;iðAiikk�kk þ BiikkxkkÞ ¼ wi;iAiikk�kk; ð63Þ
Fig. 8. Definition of the transformation tensor Qia between the reference systems used by
of a global Cartesian coordinate system. em

a ða ¼ 1;2;3Þ are the orthonormal bases of mem
is the basis in the outward normal direction. el

i ði ¼ 1;2;3Þ is the orthonormal bases for
(2) when i ¼ j, k–l (no sum)

wi;iðAiikl�kl þ BiiklxklÞ þwi;iðAiilk�lk þ BiilkxlkÞ

¼ wi;i
Aiikl þ Aiilk

2
2�kl þ

Biikl � Biilk

2
2xkl

	 

; ð64Þ

(3) when i–j, k ¼ l (no sum)

wi;jðAijkk�kk þ BijkkxkkÞ þwj;iðAjikk�kk þ BjikkxkkÞ

¼ wi;j þwj;i

2
þwi;j �wj;i

2

� �
Aijkk�kk

þ wi;j þwj;i

2
þwj;i �wi;j

2

� �
Ajikk�kk

¼ ðwi;j þwj;iÞ
Aijkk þ Ajikk

2
�kk þ ðwi;j �wj;iÞ

� Aijkk � Ajikk

2
�kk; ð65Þ

(4) when i–j, k–l (no sum)

wi;jðAijkl�kl þ BijklxklÞ þwi;jðAijlk�lk þ BijlkxlkÞ
þwj;iðAjikl�kl þ BjiklxklÞ þwj;iðAjilk�lk þ BjilkxlkÞ

¼ ðwi;j þwj;iÞ
Aijkl þ Aijlk þ Ajikl þ Ajilk

4
2�kl

þ ðwi;j þwj;iÞ
Bijkl � Bijlk þ Bjikl � Bjilk

4
2xkl

þ ðwi;j �wj;iÞ
Aijkl þ Aijlk � Ajikl � Ajilk

4
2�kl

þ ðwi;j �wj;iÞ
Bijkl � Bijlk � Bjikl þ Bjilk

4
2xkl: ð66Þ

Considering Eq. (61), the following relations should be satisfied
ðA1211 � A2111Þ
2

¼ B1112 � B1121

2
¼ P12ðsÞ

2
; ð67Þ

ðA1222 � A2122Þ
2

¼ B2212 � B2221

2
¼ �P12ðsÞ

2
; ð68Þ

ðA1212 þ A1221 � A2121 � A2112Þ
4

¼ ðB1212 � B1221 þ B2112 � B2121Þ
4

¼ P22ðsÞ � P11ðsÞ
4

: ð69Þ

Furthermore, we assume that multiplications involving the follow-
ing components fP12ðsÞ; P22ðsÞ � P11ðsÞ; P33ðsÞ;x12;w1;2 �w2;1;H13;

H23;w1;3;w2;3g generate second-order terms that are negligible
based on the axisymmetric membrane assumption. Then, the term
wi;jLðPjs Þij in (62) can be written in a matrix form
the nonlinear G&R formulation and the FSI formulation. eG
I ðI ¼ 1;2;3Þ are the bases

brane at a point, where em
1 is the basis vector in the circumferential direction and em

3

a local triangular element used by the membrane formulation of the FSI code.



Fig. 9. Pressurization test comparing the radial deformation at the central cross
section of the vessel obtained with the nonlinear G&R code and the linear FSI code.
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wi;jLðPjs Þij ¼ r ~wT ~K~eþr ~wT ~P; ð70Þ

where ~P ¼ fP11ðsÞ; P22ðsÞ; P12ðsÞ; P31ðsÞ; P32ðsÞgT is a ‘‘pre-stress” ten-
sor and ~K is a ‘‘stiffness matrix” given by

~K¼

A1111 A1122
ðA1112þA1121Þ

2 A1131 A1132

A2211 A2222
ðA2212þA2221Þ

2 A2231 A2232

ðA1211þA2111Þ
2

ðA1222þA2122Þ
2

ðA1212þA1221þA2121þA2112Þ
4

A1231þA2131
2

A1232þA2132
2

A3111 A3122
A3112þA3121

2 A3131 A3132

A3211 A3222
A3212þA3221

2 A3231 A3232

2
66666664

3
77777775
:

ð71Þ

The components of ~P and ~K are obtained from post-processing of
the G&R simulation results at time s and given in the ‘‘membrane”
polar coordinates defined in Section 2.2.3. We must then transform
these tensors to the ‘‘local” reference frame defined by the finite
element mesh of the FSI membrane formulation (see Fig. 8).

2.4.1. Mapping anisotropic material properties from the 2D G&R
membrane frame to the 3D FSI local frame

The transformation of Aijkl and PijðsÞ given in ‘‘membrane coor-
dinates” to the FSI ‘‘local coordinates” is done by means of the rota-
tion tensor Qia according to the following expressions:

Al
ijkl ¼ Q iaQjbQ kcQ lxAabcx; ð72Þ

Bl
ijkl ¼ dikPðlÞlj ðsÞ; PðlÞij ðsÞ ¼ QiaQ jbPabðsÞ: ð73Þ

In order to characterize the components of the rotation tensor Qia,
we introduce the three sets of orthonormal bases represented in
Fig. 8: eG

I ðI ¼ 1;2;3Þ are the bases of a ‘‘global” Cartesian coordinate
system; em

a ða ¼ 1;2;3Þ are the ‘‘membrane” orthonormal bases
used by the G&R formulation, where em

1 and em
2 are the bases in

the circumferential and axial directions, respectively, and em
3 is

the basis in the outward normal direction. el
i ði ¼ 1;2;3Þ is the

‘‘local” orthonormal bases for a triangular element of the FSI mem-
brane formulation.

An orthogonal transformation Q m from the ‘‘global” frame to
the ‘‘membrane” frame can be calculated by Q m

aI ¼ em
a � eG

I . Similarly,
a transformation Q l from the ‘‘global” to the ‘‘local” frame is given
by Ql

iI ¼ el
i � eG

I and the components of the tensor can be obtained
from the three nodal points of the elements. Considering this, the
orthogonal transformation Q from the ‘‘membrane” frame to the
‘‘local” frame becomes Q ¼ Q lðQ mÞ�1 (or Q ia ¼ Q l
iIQ

m
aI). In order to

validate the linearization proposed here, we performed a hydro-
static pressurization test of a cylindrical vessel of radius
R ¼ 1:6 mm and length L ¼ 25 mm. In this problem, we con-
strained the longitudinal motion of both ends of the vessel. We
compared deformations at the central cross section of the vessel
ðZ ¼ 12:5 mm) obtained from the nonlinear constitutive theory
used by the G&R formulation with the linearized theory used by
the FSI formulation derived via small on large. The results of the
pressurization test are shown in Fig. 9 and demonstrate a good
agreement between the two formulations over the physiologic
range of pressures (80–120 mmHg).
3. Illustrative simulation

3.1. Problem definition

Consider a simple geometry given by an idealized cylindrical,
axisymmetric representation of a basilar artery. We first study
the evolution of the artery from an initial state (time 0) where
the geometry is perfectly cylindrical (i.e., no taper) and the spatial
distribution of material properties is uniform, to a postulated
homeostatic state (time sN , see Fig. 10). This state exhibits a slight
tapering in geometry and wall thickness and small longitudinal
variations in material properties. We study this state in Section
3.2. Once this homeostatic state is obtained, we introduce a con-
centric insult in the central section of the artery. This insult results
in the removal of elastin, an associated change in intramural stress
and geometry, and a consequent stress-mediated FSG process.
Moreover, because intact elastin provides smooth muscle with
many important biological cues (e.g., to not proliferate, to not mi-
grate, to not synthesize matrix, and to not enter the cell death cycle
prematurely; Karnik et al. [31]), loss of elastin within the aneurys-
mal segment necessarily changes the smooth muscle phenotype.
For simplicity here, we assume that loss of elastin results in an
associated loss of smooth muscle, as seen histologically in intracra-
nial aneurysms [32], hence the primary growth and remodeling re-
sponse is due to turnover of collagen (cf. Baek et al. [13]). Future
models will need to include more gradual loss of elastin and
changes in smooth muscle, however.

We consider two different FSG cases (see Fig. 10): in Case 1, the
growth and remodeling is mediated only via vessel wall tensile
stress whereas in Case 2, this process is mediated by both tensile
stress (via the effects of increased stretch on collagen production)
and wall shear stress (via the effects of vasoactive molecules on
collagen turnover).

We proceed to define the boundary conditions, vessel wall
material parameters, and vasoactive parameters used in the analy-
sis for both the fluid–solid interaction problem defined over the
small time scales and the growth and remodeling problem defined
over the large time scales.

3.1.1. FSI problem over the small time scales
Consider a typical volumetric flow wave mapped to a Womers-

ley velocity profile at the inlet face of the basilar artery (see Fig. 11).
The mean flow is Q ¼ 1:97 ml/s and the cardiac cycle has period
T ¼ 1:1 s. At the outlet face of the model we prescribe an impedance
function ZðxÞ that produces a typical range of pressures expected
for this part of the vasculature: 85 mmHg diastolic pressure and
115 mmHg systolic pressure. The zero-frequency component of this
impedance function (i.e., the vascular resistance R) is
Zðx ¼ 0Þ ¼ R ¼ 6:75� 104 dyn cm�5 s. The vessel is held in place
by clamping the inlet and outlet sections of the wall. This set of
boundary conditions for the small temporal scales remain constant
during the modest growth and remodeling process defined herein



Fig. 10. Schematic representation of the FSG problem considered. In the first stage of the analysis, we grow the artery until it reaches a homeostatic equilibrium at time sN . We
then introduce an insult in the vessel wall that results in a local concentric loss of the elastin matrix, and perform two different FSG simulations: in Case 1, the arterial growth
and remodeling is mediated by tensile stress only, whereas in Case 2, the growth is mediated by tensile and wall shear stress. For illustrative purposes, we show the evolution
of the linearized circumferential component of the stiffness Ahhhh (left) and the vessel wall shear stress (right) for each time step of the analysis.

Fig. 11. Geometry and boundary conditions considered in the FSI problem.
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over the large time scales, because we assume that the changes
experienced by the artery are local and do not significantly affect
the upstream and downstream hemodynamic conditions.

3.1.2. Vessel wall G&R problem over the large time scales
The boundary conditions for the G&R problem are such that the

ends (Z ¼ 0; L) of the arterial wall are fixed in the longitudinal
direction but are free to move in the radial direction. The mass
density of the vessel wall is assumed to remain constant at
q ¼ 1050 kg=m3. For the elastin fibers, the initial mass fraction is
set to /eð0Þ ¼ 0:1. The natural configuration mapping parameters
(see Eq. (6)) are given by Ge

1 ¼ 1:257 and Ge
2 ¼ 1:238. Lastly, the

coefficient for the amorphous neo-Hookean function (see Eq.
(20)) is c1 ¼ 526:94 N m=kg. As for the collagen fibers, for each
family k we consider the following initial collagen mass fractions
/kð0Þ and orientation angles akð0Þ:

/1ð0Þ ¼ 0:0604; /2ð0Þ ¼ 0:0604; /3ð0Þ ¼ /4ð0Þ ¼ 0:3896;

a1ð0Þ ¼ 0�; a2ð0Þ ¼ 90�; a3ð0Þ ¼ 45�; a4ð0Þ ¼ �45�:

The homeostatic deposition stretch for the collagen fiber families is
Gc

h ¼ 1:07 and the coefficients in the exponential function for the
material behavior (see Eq. (21)) are set to c2 ¼
746:97 N m=kg; c3 ¼ 29:16. The parameters for vasoactive behavior
are TðCaþþÞ ¼ 39:86 kPa, ~kM ¼ 1:2, and ~ko ¼ 0:7 (see Eqs. (24) and
(25)).
3.2. Identifying a homeostatic state

At time 0, the length L, reference radius R, and thickness H of the
artery are set to 25, 1.6, and 0.1047 mm, respectively. These are
typical dimensions for a disease-free human basilar artery. In order
to initialize the FSG computation, the fluid–solid interaction part of
the analysis needs a distribution of material properties and geom-
etry consistent with the known small pressure drop along the
length of the vessel. We obtain these properties by arbitrarily
defining a homeostatic state under a hydrostatic pressure of
pðs ¼ 0Þ ¼ 13:332 kPa. This pressure is defined based on the mean
flow Q and resistance R used in the subsequent pulsatile analysis.
In this homeostatic state, the rates of mass production and removal
of collagen fibers are balanced, and the vasoactive response of the
smooth muscle is ‘‘normal”. Since this homeostatic state is defined
by a hydrostatic loading, it has an associated uniform geometry
and spatially uniform distribution of material parameters and



Fig. 14. Circumferential tension and stiffness at time 0 (dashed lines) and time sN

(solid lines), where the vessel has adapted to a homeostatic configuration. In this
configuration, the circumferential tension and stiffness are larger in the proximal
end due to a slightly elevated tensile stress.

Fig. 12. Time-average pressure and wall shear stress at time 0 (dashed lines) and
time sN (solid lines). This time sN defines the homeostatic state for the artery,
wherein the growth and remodeling processes in the arterial wall are balanced with
the hemodynamic environment.
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pre-stresses. We can then apply the theory of small on large to com-
pute the linearized material parameters Al

ijkl and pre-stresses PðlÞij ðsÞ.
We then proceed to run the fluid–solid interaction analysis to

obtain the mechanical stimuli experienced by the artery under pul-
Fig. 13. Vessel wall inner radius and thickness at time 0 (dashed lines) and time sN

(solid lines), where the vessel has adapted to a homeostatic configuration. In this
configuration, the radius and thickness are larger on the proximal end due to a
slightly elevated tensile stress.
satile conditions. Identifying relevant stimuli is a challenge by it-
self, for many factors can regulate the biochemical processes
defining growth and remodeling of the wall constituents. Here,
we consider the simplest stimuli given by the time-average over
the cardiac cycle of the blood pressure and the wall shear stress
fields. We assume that these mechanical stimuli, acting on the
small time scales, remain unchanged during the growth and
remodeling process, acting on the large time scales, that defines
the homeostatic state. These fields are presented in Fig. 12 (dashed
lines). Observe the linear variation of the pressure along the vessel
length and the spatially uniform wall shear stress field, as it corre-
sponds to a vessel with uniform radius R. Using these mechanical
stimuli, the G&R simulation grows the artery iteratively, exchang-
ing information with the FSI formulation (see Fig. 2) until it reaches
a new homeostatic equilibrium under such stimuli at some time sN .
During this process, we consider the following non-dimensional
stress mediation parameters k̂r ¼ 4:0 and k̂s ¼ 0:0, which induce
a fast stable growth.

The result of this growth and remodeling is a new homeostatic
configuration wherein the vessel is tapered. That is, the radius is
slightly larger at the proximal end, where the average pressure is
slightly larger. The wall thickness also decreases along the length
of the artery, following the same linear trend of the radius and
pressure (see Fig. 13). Fig. 14 shows the corresponding changes
in circumferential stress and stiffness. The artery at time sN is un-
der a slightly larger circumferential stress in the proximal segment,
and the circumferential stiffness is likewise higher proximally.
These are manifestations of more collagen being turned over prox-
imally due to the elevated tensile stress environment. These
changes, although small, show a logical trend. In the homeostatic
configuration we observe a linear variation in the time-averaged
wall shear stress field, consistent with the observed variation in ra-
dius (see Fig. 12). Changes in the pressure field between the
homeostatic configuration at time sN and the initial configuration
at time 0 are negligible (i.e., less than a few dynes/cm2).



Fig. 15. Evolution of the luminal radius for Case 1 (tensile stress mediated growth and remodeling, above) and Case 2 (a combination of tensile stress and wall shear stress
mediated growth and remodeling, below). Case 2 shows a faster, non-symmetric enlargement. Note that the arrows denote changes with increasing time.
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3.3. Role of pressure and shear forces after an initial circumferential
insult

Once we have obtained numerically a homeostatic state,2 we
introduce an insult in the central section of the artery at time sN ,
resulting in the concentric loss of elastin in that position of the arte-
rial wall. The mathematical representation of this insult is given by
the following expression for the elastin mass density for all
s; Z 2 ½0; L�:

Meðs; ZÞJðsÞ
Með0; ZÞ ¼

1:0 s < sN

1:0� 0:8 exp �2 Z�L=2
Rð0Þ

� �4
� �

s P sN

8<
: : ð74Þ

This insult results in an instantaneous thinning of the vessel
wall in the affected region, a new stress environment, and a conse-
quent departure from homeostatic conditions. Therefore, the pos-
tulated rates of mass density production (see Eq. (12)) for the
different collagen families are altered from basal conditions. We
study the stress-mediated growth and remodeling of the artery
from this point on, considering two cases: Case 1 studies G&R med-
iated by tensile stress only, with k̂r ¼ 0:1 for the non-dimensional-
ized tensile stress mediation parameter; Case 2 considers G&R
mediated by both tensile stress and wall shear stress, with tensile
stress and wall shear stress mediation parameters k̂r ¼ 0:1 and
k̂s ¼ 0:1, respectively.

Fig. 15 shows the evolution of the luminal radius for both
cases. Case 2 yields a noticeably faster rate of enlargement in
the center of the aneurysmal region, but a reduction in radius at
2 To properly define a homeostatic state resulting from developmental biology is of
great interest, but exceedingly complex and not needed for the present purposes.
the distal end of the aneurysm (Z � 17 mm). This is probably
due to the increase in wall shear stress in that region (see
Fig. 17) and the specific rule adopted for mass production as a
function of shear stress (see Eq. (12)). In Fig. 16, we observe a fas-
ter localized increase in pressure for Case 2 due to the corre-
sponding faster increase in radius. The magnitude of this
pressure increase is very modest in both cases, however, account-
ing for less than 1 mmHg. Fig. 17 shows the evolution of time
averaged wall shear stress. The shear stress decreases significantly
over time within the aneurysmal region in both cases, but this
reduction occurs faster in Case 2. This is consistent with the faster
increase in radius seen in Fig. 15. In both cases, we observe an in-
crease in wall shear stress at the distal end of the aneurysm
(Z � 15 mm). This increase is more pronounced in Case 2 due to
the radius reduction seen in this region in Fig. 15.

Fig. 18 shows the evolution of the thickness h. Here, the differ-
ences between the two cases are remarkable: whereas in Case 1 we
observe an eventual thickening due to the stress-mediated G&R
confined to the region that suffered the original insult, in Case 2
the wall gets thinner not only in the aneurysmal region, but also
at the proximal end of the aneurysm. On the other hand, the distal
end thickens due to the higher wall shear stress concentration ob-
served in Fig. 17. Figs. 19 and 20 show the evolution of the circum-
ferential and axial components of the wall stress Thh=h and Tzz=h,
respectively. These trends also differ significantly. For Case 1, we
observe a symmetric concentration of circumferential stresses at
the proximal (Z � 11 mm) and distal (Z � 14 mm) ends of the
aneurysm, whereas the axial stress reduces probably due to a com-
bination of changes in fiber angle orientation (new collagen fibers
are more aligned in the circumferential direction due to the radial
growth) and wall thickening. For Case 2, however, the circumferen-
tial stress is highest at the proximal end of the aneurysm



Fig. 17. Evolution of wall shear stress for Case 1 (above) and Case 2 (below). Note the faster reduction of shear stress in the aneurysmal region for Case 2, consistent with the
faster enlargement seen in Fig. 15. In both cases, we observe an increase in wall shear stress at the distal end of the aneurysm (Z � 15 mm). This increase is more pronounced
in Case 2 due to the radius reduction seen in this region in Fig. 15.

Fig. 16. Evolution of blood pressure for Case 1 (above) and Case 2 (below). Case 2 shows a faster localized increase in pressure due to the faster increase in radius seen in
Fig. 15. The magnitude of pressure variation in the aneurysmal region is very small (only a fraction of a millimeter of mercury) in both cases, however. The arrows denote
changes with increasing time.
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Fig. 19. Evolution of the circumferential component of the intramural stress for Case 1 (above) and Case 2 (below). Case 1 shows a symmetric concentration of stresses in the
proximal (Z � 11 mm) and distal (Z � 14 mm) ends of the aneurysm. This character is reminiscent of that presented by Elger et al. [33] based on a static analysis of a
developed axisymmetric lesion. On the other hand, Case 2 shows the highest stress concentration at Z � 11 mm, corresponding to the thinnest portion of the wall (see
Fig. 18).

Fig. 18. Evolution of wall thickness for Case 1 (above) and Case 2 (below). These trends differ significantly: whereas in Case 1 we observe an eventual thickening due to the
stress-mediated G&R confined to the region that suffered the original insult, in Case 2 the wall becomes thinner, not only in the aneurysmal region but also at the proximal
end of the aneurysm. On the other hand, the distal end thickens due to the higher wall shear stress concentration seen in Fig. 17.
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Fig. 21. Evolution of the linearized circumferential stiffness for Case 1 (above) and Case 2 (below). In Case 1, the concentration of stresses at Z � 11 mm and Z � 14 mm
observed in Fig. 19 results in a faster turnover of collagen fibers and consequent stiffening of the wall in the circumferential direction. This trend is opposite in the central
section of the vessel. For Case 2, the generalized increase in circumferential stress seen in Fig. 19 explains the stiffening of the wall.

Fig. 20. Evolution of the axial component of the intramural stress for Case 1 (above) and Case 2 (below). Case 1 shows a reduction in Tzz=h due to a combination of changes in
fiber angle orientation (collagen fibers get more aligned in the circumferential direction) and wall thickening. The same changes in fiber orientation and especially wall
thinning at Z � 11 mm explain the trend for Case 2.
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Fig. 22. Evolution of the linearized longitudinal stiffness for Case 1 (above) and Case 2 (below). Case 1 shows a stiffness decrease consistent with the decrease in axial stress
seen in Fig. 20. The increase in axial stress seen in Fig. 20 (Case 2) also explains the increase in stiffness seen here.
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(Z � 11 mm), corresponding to the thinnest portion of the wall.
The evolution of the axial stress can also be explained by the
changes in wall thickness and fiber orientation.

Lastly, Figs. 21 and 22 show the evolution of the main compo-
nents of the linearized circumferential and longitudinal stiffness,
Ahhhh and Azzzz, respectively. In Fig. 21, we see that for Case 1 the
concentration of stresses at Z � 11 mm and Z � 14 mm observed
in Fig. 19 results in a faster turnover of collagen fibers and a con-
sequent circumferential stiffening of the wall. This trend is the
opposite in the central section of the vessel. For Case 2, the general-
ized increase in circumferential stress seen in Fig. 19 explains the
stiffening of the wall. In Fig. 22 we observe a stiffness decrease
in Case 1 consistent with the axial stress decrease seen in Fig. 20.
On the other hand, the increase in longitudinal stress seen in
Fig. 20 for Case 2 explains the increase in stiffness seen in this case.

4. Discussion

Cell culture experiments have been very important in elucidat-
ing the types and extents of responses by individual vascular cells
to changes in mechanical loading [34]. For example, smooth mus-
cle cells of the vascular wall increase their production of collagen
in response to increased cyclic stretch (or stress). Such stress-med-
iated increases in collagen production are consistent with, indeed
explain in part, clinically observed increases in collagen content
in pathologies ranging from hypertension to aneurysms. Produc-
tion is typically balanced by removal, however, thus it is not sur-
prising that it has also been found that cyclic stretch (or stress)
can also increase the production of matrix metalloproteinases
(MMPs) by smooth muscle cells. These MMPs enable selective
enzymatic degradation of matrix constituents, including collagen,
and are thus fundamental to refashioning the vascular wall in cases
of adaptation and disease [35]. Whereas these, and similar,
changes in cell and matrix turnover clearly depend on changes in
intramural wall stress, cell culture studies similarly reveal the
importance of endothelial-derived vasoactive molecules in cell
and matrix turnover.

It is well known that local increases in wall shear stress increase
the production of nitric oxide (NO) by the endothelium whereas
decreases in wall shear stress increase the production of endothe-
lin-1 (ET-1). NO is a potent vasodilator whereas ET-1 is a potent
vasoconstrictor, hence explaining the clinically observed dilation
of the wall in response to increases in flow and contraction in re-
sponse to decreases in flow, each of which tend to restore the wall
shear stress toward its local baseline value. What has become
known more recently, however, is that NO is also an inhibitor of
both smooth muscle cell proliferation and its synthesis of collagen
[36] whereas ET-1 is a promoter of smooth muscle proliferation
and the synthesis of collagen [37]. Note, too, that decreased wall
shear stress upregulates adhesion molecules such as ICAM-1 and
VCAM-1, which promotes the recruitment of circulating blood cells
to the endothelium that contribute to local degradation of underly-
ing matrix [14]. In other words, not only do changes in local wall
shear stress from baseline play important roles in controlling
smooth muscle contractility, they also contribute to the rate and
extent of cell and matrix turnover within the wall. Clearly, then,
to understand hemodynamic-induced changes in vascular geome-
try, structure, and function, we must quantify the complexities of
the flow field and the distribution of stress on and within the arte-
rial wall.

Motivated by these and similar observations, we have brought
together for the first time computational frameworks for solving
the full 3D hemodynamics problem in complex domains (e.g., pa-
tient-specific geometries) and the wall mechanics problem defined
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on complex domains and involving geometrically and materially
nonlinear behaviors. Moreover, for the first time, this has been
accomplished by incorporating within the mechanics a conceptual
and mathematical framework that accounts for cell and matrix
turnover in evolving configurations as observed in vivo. We
emphasize, however, that our goal here was to focus on developing
a general framework, not to solve specific biological or clinical
problems. Specifically, our goal was to develop a framework gen-
eral enough to enable new data on stress-mediated growth and
remodeling processes to be incorporated mathematically as they
become available. For example, there is a pressing need for more
data on which to build more comprehensive constitutive models
for mass production and removal as a function of the evolving state
of stress (or strain). This may include the need to model turnover
as a function of changes in cyclic stress or stress rates associated
with changes in pulse pressure, but this will be straightforward be-
cause the current FSI solver accounts for such complexities. There
may also be a need to relate growth and remodeling directly to
changes in smooth muscle contractility, but again that should be
straightforward to accomplish given our formulation of the wall
mechanics.

For illustrative purposes, we focused on a simple yet important
situation: altered hemodynamics within a nearly cylindrical section
of an artery that experiences an axisymmetric loss of elastin within
the central region. This situation is similar to that considered in
Baek et al. [2] except that here we contrasted growth and remodel-
ing responses that could occur in response to changes in both intra-
mural stresses and wall shear stresses (cf. Fig. 10). One of the first
observations is that because of the modest pressure drop along
the vessel both before and after the loss of elastin (cf. Figs. 12a
and 16a), subsequent growth and remodeling was nearly symmet-
ric about the center-point (Z = 12.5 mm) in response to pressure-in-
duced intramural stresses, as found by Baek et al. [2] (see their
Fig. 3). Indeed, it is for this reason that the mechanical state that
evolved reflected well the findings by Elger et al. [33] for a model
lesion. One of the most notable changes that can occur with shear
stress mediated growth and remodeling, therefore, is the breaking
of this symmetry (i.e., differences in shear distally versus proxi-
mally). Indeed, clinical observation reveals time and again the myr-
iad sizes and shapes of aneurysms, and the present simple
simulation reveals the potential importance of complex shear stress
fields in contributing to this biological diversity. Indeed, note that
the growth and remodeling tended to be more localized to the re-
gion of the initial insult in the cases of intramural stress mediated
turnover whereas the region of active growth and remodeling ex-
tended more in the case of shear stress mediation. Fig. 18, in partic-
ular, shows the potentially dramatic influence of regional variations
in wall shear stress (cf. Fig. 17) on wall thickness, a critical param-
eter in defining the enlargement and rupture-potential of an aneu-
rysm for it contributes directly to the structural stiffness of the
vascular wall (Figs. 19–22). This situation will only increase in com-
plexity once contributions such as shear stress mediated monocyte
localization or platelet activation are included in the analyses.

For this illustrative problem we assumed a smooth geometry for
the blood vessel (even after introducing the damage) and used
mean values for the mechano-stimuli to govern the long-term
G&R. This resulted in small local variations of stimuli during the
evolution (both in time and space). Therefore, increasing the time
step size would not change the results qualitatively. However,
when applying this method to patient-specific geometries or using
temporal changes of stress as mechano-stimuli, we should investi-
gate the robustness of the method by studying parameters such as
frequency of ‘hand-shaking’ between codes (e.g., time step size).

In summary, we emphasize that the simple case considered
herein is intended to be for illustrative purposes only. Thus,
although the results presented consider an axisymmetric geome-
try, the code has been written generally to address three-dimen-
sional flows and complex wall geometries. Idealized stress-
mediated growth and remodeling kinetics were used simply to
show possible changes in the geometry, structure, and function
of the wall in response to evolving changes in hemodynamic load-
ing. Now that this framework has been completed and tested con-
ceptually, there is pressing need to search for physiologically
realistic models of stress-mediated turnover and to design new
classes of experiments that enable the validation of such FSG mod-
eling. Once validated in well designed experiments, we suggest
that FSG modeling will become an essential tool in the understand-
ing of diverse vascular pathologies, the design of improved clinical
interventions (e.g., surgical planning), and the design of improved
implantable medical devices.
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